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PURE INFINITENESS AND IDEAL STRUCTURE OF C˚-ALGEBRAS
ASSOCIATED TO FELL BUNDLES
BARTOSZ KOSMA KWAŚNIEWSKI AND WOJCIECH SZYMAŃSKI
Abstract. We investigate structural properties of the reduced cross-sectional algebra C˚
r
pBq
of a Fell bundle B over a discrete group G. Conditions allowing one to determine the ideal
structure of C˚
r
pBq are studied. Notions of aperiodicity, paradoxicality and B-inﬁniteness for
the Fell bundle B are introduced and investigated by themselves and in relation to the partial
dynamical system dual to B. Several criteria of pure inﬁniteness of C˚
r
pBq are given. It is
shown that they generalize and unify corresponding results obtained in the context of crossed
products, by the following duos: Laca, Spielberg [34]; Jolissaint, Robertson [21]; Sierakowski,
Rørdam [47]; Giordano, Sierakowski [18] and Ortega, Pardo [39].
For exact, separable Fell bundles satisfying the residual intersection property primitive
ideal space of C˚
r
pBq is determined. The results of the paper are shown to be optimal when
applied to graph C˚-algebras. Applications to a class of Exel-Larsen crossed products are
presented.
1. Introduction
Many of C˚-algebras studied in literature are equipped with a natural additional structure
which can be used to study their properties. This structure can be exhibited by a group
co-action (or a group action if the underlying group is abelian) or more generally by a group
grading of the C˚-algebra. It allows one to investigate the C˚-algebra by means of the as-
sociated Fell bundle of subspaces determining the grading. Fell bundles over discrete groups
proved to be a convenient framework for studying crossed products corresponding to global
or partial group actions, and were successfully applied to diverse classes of C˚-algebras, [16],
[18], [1]. Moreover, the approach based on Fell bundles has recently gained an increased inter-
est in an analysis of C˚-algebras associated to generalized graphs [7], Nica-Pimsner algebras
[8], and Cuntz-Pimsner algebras [33], [2] associated to product systems over semigroups. We
remark that, in contrast to most of applications in [16], [18], [1], in the latter case the core
C˚-algebra corresponding to the unit in the group, as a rule, is non-commutative. The present
paper is devoted to investigations of the ideal structure, pure infiniteness and related features
of the reduced cross-sectional algebras C˚r pBq arising from a Fell bundle B “ tBtutPG over a
discrete group G with the unit fiber Be being genuinely a non-commutative C
˚-algebra. One
of our primary aims is to give convenient C˚-dynamical conditions on B that lead to a coher-
ent treatment unifying various approaches to pure infiniteness of crossed products by group
actions [34], [21], [47], [18], and that are applicable to C˚-algebras arising from semigroup
structures. Actually, for a class of Fell bundles we consider, the C˚-algebra C˚r pBq has the
ideal property, and it is known that in the presence of this property pure infiniteness [23, Def-
inition 4.1] is equivalent to strong pure infiniteness [24, Definition 5.1]. Additionally, if C˚r pBq
is separable we provide a description of the primitive spectrum of C˚r pBq. This together with
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known criteria for nuclearity of C˚r pBq, cf. [16, Proposition 25.10], form a full toolkit for pro-
ducing and analyzing graded C˚-algebras that undergo Kirchberg’s classification (up to stable
isomorphism) via ideal system equivariant KK-theory [22].
In order to detect pure infiniteness of a non-simple C˚-algebra, one needs to understand
its ideal structure. The general algebraic necessary and sufficient conditions assuring that
the ideals in the ambient algebra are uniquely determined by their intersection with the core
are known. These conditions are exactness and the residual intersection property. They
were introduced in the context of crossed products in [48], then generalized to partial crossed
products in [18] and to cross-sectional algebras in [1]. We give a metric characterisation of the
intersection property using a notion of topological grading, and we shed light on the notion
of exactness of a Fell bundle B “ tBtutPG by characterising it in terms of graded and Fourier
ideals in C˚r pBq.
An important dynamical condition implying the (residual) intersection property of B is
(residual) topological freeness of a dual partial dynamical system pt pDtutPG, tphtutPGq defined
on the spectrum pBe of the core Be. This result is well-known for crossed products, cf. [4].
Recently, it was generalized to cross-sectional algebras of saturated Fell bundles by the authors
of the present paper [33], and to general Fell bundles by Beatriz Abadie and Fernando Abadie
[1]. The system pt pDtutPG, tphtutPGq is very useful in investigation of the ideal structure of C˚r pBq.
In particular, it factorizes to a partial dynamical system on the primitive spectrum PrimpBeq
of Be, and we show that for exact, separable Fell bundles satisfying the residual intersection
property the primitive ideal space of C˚r pBq can be identified with the quasi-orbit space of
this dual action on PrimpBeq. We show below that this result applied to graph C˚-algebras
C˚pEq with their natural Z-gradings gives a new way of determining primitive ideal space of
C˚pEq for an arbitrary graph E satisfying Condition (K). The latter description was originally
obtained in [5] by different methods.
In general, the aforementioned dual system is not well suited for determining pure in-
finiteness of C˚r pBq, as it gives no control on positive elements. Therefore we introduce a
concept of aperiodicity for Fell bundles, which is related to the aperiodicity condition for C˚-
correspondences introduced by Muhly and Solel in [37]. One should note that the origins of
this notion go back to the work of Kishimoto [25] and Olesen and Pedersen [38] where the
close relationship between this condition and properties of the Connes spectrum were revealed.
More recently, similar aperiodicity conditions were investigated in the context of partial ac-
tions by Giordano and Sierakowski in [18]. The precise relationship between aperiodicity and
topological freeness is not clear, however we prove that, under the additional hypothesis that
the primitive ideal space of Be is Hausdorff, topological freeness of the partial dynamical sys-
tem on PrimpBeq implies aperiodicity of B. We show that a Fell bundle associated to a graph
E is aperiodic if and only if E satisfies Condition (L).
Exploiting ideas of Rørdam and Sierakowski [47], modulo observations made in [30], we
prove that if a Fell bundle B is exact, residually aperiodic, and Be has the ideal property
or contains finitely many B-invariant ideals1, then C˚r pBq has the ideal property and pure in-
finiteness of C˚r pBq is equivalent to proper infiniteness of every non-zero positive element in Be
(treated as an element in C˚r pBq). If additionally Be has real rank zero then pure infiniteness
of C˚r pBq is equivalent to proper infiniteness of every non-zero projection in Be. One can find
many different dynamical conditions implying proper infiniteness of every non-zero positive
element in Be. For instance, in the context of group action this holds for strong boundary
1In the initially submitted manuscript we considered only the case when Be has the ideal property
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actions [34], n-filling actions [21], and paradoxical actions [47], [18]. We note that n-filling ac-
tions generalize strong boundary actions and are necessarily minimal and paradoxical actions.
However, paradoxical actions considered in [47], [18], are acting on totally disconnected spaces,
while actions studied in [34], [21] do not have this restriction. The notion of a paradoxical
set can be naturally generalized to the setting of Fell bundles, and we define B-paradoxical
elements for an arbitrary Fell bundle B. However, we found that in general B-paradoxicality
is hard to be checked in practice. Therefore we also introduce a weaker notion of residually
B-infinite elements in Be. We prove that if, in addition to previously mentioned assumptions
on B, every non-zero positive element in Be is Cuntz equivalent to a residually infinite element,
then C˚r pBq is purely infinite. This result can be viewed as a strengthening and unification
of all the aforementioned results, as we show that for n-filling actions considered in [21] ev-
ery non-zero positive element in Be is residually B-infinite for the corresponding Fell bundle.
Moreover, we prove that for a graph C˚-algebra and the associated Fell bundle our conditions
for pure infiniteness are not only sufficient but also necessary.
Apart from already mentioned applications to partial crossed products and graph C˚-
algebras, we use the results of the present paper to study semigroup corner systems pA,G`, α, Lq
and their crossed products. These objects are important as they lie on the intersection
of various approaches to semigroup crossed products. We explain below that pA,G`, α, Lq
can be equivalently treated as an Exel-Larsen system [35], a semigroup of endomorphisms
α “ tαtutPG` , a semigroup of retractions (transfer operators) L “ tLtutPG` , or a group inter-
action V “ tVgugPG in the spirit of [15]. The semigroup G` we consider is a positive cone in
a totally ordered abelian group G, and the maps act on an arbitrary C˚-algebra A. To any
corner system pA,G`, α, Lq we associate a Fell bundle B and define the corresponding crossed
product A¸α,LG` to be the cross-sectional algebra C˚pBq. Then we identify A¸α,LG` as a
universal C˚-algebra with respect to certain representations. Thus we see that in the unital
case, A ¸α,L G` coincide with the crossed product constructed, using more direct methods,
in [32]. We also conclude that pA,G`, α, Lq coincides with Exel-Larsen crossed product in-
troduced in [35]. We manage to formulate in a natural way the constructions and results
for the Fell bundle B in terms of the systems α, L and V. This gives us several completely
new results, including description of ideal structure, the primitive ideal space of A ¸α,L G`,
and criteria for pure infiniteness of A ¸α,L G`. In particular, in the case G` “ N, our pure
infiniteness criteria imply the result of Ortega and Pardo [39], cf. Remark 8.23 below.
The paper is organized as follows.
After some preliminaries, in Section 3, we discuss notions of exactness, intersection property,
and topological freeness for a Fell bundle, recently introduced in the context of bundles in
[1]. In particular, we give convenient characterizations of exactness (Proposition 3.7) and the
intersection property (Proposition 3.15).
In Section 4 we study the concept of aperiodicity for Fell bundles. We note that aperiodicity
of a Fell bundle implies the intersection property (Corollary 4.3) and indicate its relation to
topological freeness (Proposition 4.5). In the main result of this section (Theorem 4.10) we
give a characterization of pure infiniteness of the reduced cross-sectional algebra C˚r pBq of an
exact, residually aperiodic Fell bundle B whose unit fiber Be has the ideal property.
Section 5 is devoted to investigation of conditions implying proper infiniteness of elements in
the core Be of the cross sectional C
˚-algebra C˚r pBq. We introduce B-paradoxical elements and
closely related residually B-infinite elements for a Fell bundle B. We clarify the relationship
between these notions and other conditions of this type studied in the literature. The main
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result of this section (Theorem 5.13) contains a criterion of pure infiniteness of the reduced
cross-sectional algebra of a Fell bundle B, phrased in terms of B-infinite elements.
We describe the primitive ideal space of C˚r pBq in Section 6. More specifically, the main
result of this section (Theorem 6.8) identifies the primitive ideal space of the reduced cross-
sectional algebra of a separable, exact Fell bundle B satisfying the residual intersection prop-
erty both with the space of B-primitive ideals of the trivial fiber (cf. Definition 6.3) and with
the quasi-orbit space associated to the partial action dual to B.
In Section 7, we test the results of this paper against graph C˚-algebras C˚pEq equipped
with their natural grading over Z. We show that aperiodicity of the associated Fell bundle is
equivalent to Condition (L) on the graph E. Likewise, residual aperiodicity of that bundle is
equivalent to Condition (K) on the graph. We use our general results to get an alternative way
of determining the primitive ideal space of C˚pEq for E satisfying Condition (K) (Corollary
7.8). Finally, we show that our criterion of pure infiniteness is optimal in the sense that in
the case of graph C˚-algebras it is not only sufficient but also necessary (Theorem 7.9).
In Section 8, we present various equivalent points of view on a semigroup corner system
pA,G`, α, Lq. We associate to pA,G`, α, Lq a Fell bundle B (Proposition 8.6). This allows
us to define the crossed product A¸α,L G` as a cross sectional algebra of B (Definition 8.7).
We describe A ¸α,L G` as a universal C˚-algebra for certain representations of pA,G`, α, Lq
(Theorem 8.10) and we show it is isomorphic to Exel-Larsen crossed product (Corollary 8.12).
The main structural results on A ¸α,L G` are criteria of faithfulness of representations of
A ¸α,L G`, description of ideal structure and primitive ideal space (Theorem 8.17), and the
criteria for pure infiniteness of A¸α,L G` (Theorem 8.22).
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PEOPLE-2013-IEF; project ‘OperaDynaDual’ number 621724 (2014-2016). The second named
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2. Preliminaries
2.1. C˚-algebras, positive elements and ideals. Let A be a C˚-algebra. By 1 we denote
the unit in the multiplier C˚-algebraMpAq. All ideals in C˚-algebras are assumed to be closed
and two-sided. All homomorphisms between C˚-algebras are by definition ˚-preserving. For
actions γ : A ˆB Ñ C such as multiplications, inner products, etc., we use the notation:
(1) γpA,Bq “ spantγpa, bq : a P A, b P Bu.
The set of positive elements in a C˚-algebra A is denoted by A`. In [9], Cuntz introduced a
preorder À on A`, which nowadays is called Cuntz comparison, cf., for instance, [23]. Namely,
for any a, b P A` we write a À b whenever there exists a sequence txku8k“1 in A with x˚kbxk Ñ a.
We say two elements a, b P A` are Cuntz equivalent if both a À b and b À a holds. We recall,
see [23, Definition 3.2], that an element a P A` is infinite if there is b P A`zt0u such that
a‘ b À a‘ 0 in the matrix algebra M2pAq. An a P A`zt0u is properly infinite if a‘a À a‘ 0.
We have the following simple characterisations of these notions, cf. [23, Proposition 3.3(iv)].
We write «ε to indicate that }a´ b} ă ε, for a, b P A.
Lemma 2.1. If a P A`zt0u then
(2) a is infinite ðñ DbPA`zt0u@εą0 Dx,yPaA x˚x «ε a, y˚y «ε b, x˚y «ε 0,
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(3) a is properly infinite ðñ @εą0 Dx,yPaA x˚x «ε a, y˚y «ε a, x˚y «ε 0.
Proof. We only show (2). If a is infinite, then there is b P A`zt0u such that for ε ą 0 there is
a matrix z “
ˆ
s t
˚ ˚
˙
such that z˚pa‘0qz «ε a‘b. The last relation implies that s˚as «ε a,
t˚at «ε b and s˚at «ε 0. Hence putting x :“ a1{2s and y :“ a1{2t we get x, y P aA such that
x˚x «ε a, y˚y «ε b and x˚y «ε 0. Now assume the condition on the right hand side of (2).
Then there is b P A`zt0u and sequences txnu Ď aA, tynu Ď aA such that x˚nxn Ñ a, y˚nyn Ñ b
and x˚nyn Ñ 0. Since txnu, tynu Ď a1{2A we can find sn and tn in A with }a1{2sn ´ xn} Ñ 0
and }a1{2tn ´ yn} Ñ 0. Then s˚nasn Ñ a, t˚natn Ñ b and s˚natn Ñ 0. Put zn “
ˆ
sn tn
0 0
˙
.
Then z˚npa‘ 0qzn Ñ a‘ b, showing that a ‘ b À a‘ 0. 
We will often exploit [23, Proposition 3.14] which says that a P A`zt0u is properly infinite
if and only if a ` I in A{I is either zero or infinite for every ideal I in A.
In view of [23, Theorem 4.16], pure infiniteness for (not necessarily simple) C˚-algebras as
introduced in [23], can be expressed as follows: a C˚-algebra A is purely infinite if and only if
every a P A`zt0u is properly infinite. We say that a C˚-algebra A has the ideal property [40],
[42], if every ideal in A is generated (as an ideal) by its projections. By [42, Proposition 2.14],
in the presence of ideal property pure infiniteness is equivalent to strong pure infiniteness [24,
Definition 5.1].
Let A be a C˚-algebra. We denote by IpAq the set of ideals in A equipped with the Fell
topology for which a sub-base of open sets is given by the sets of the form
UI :“ tJ P IpAq : J Ğ Iu, I P IpAq.
If A and B are two C˚-algebras, then h : IpAq Ñ IpBq is a homeomorphism if and only if it
is a bijection which preserves inclusion of ideals.
We denote by IrrpAq the set of all irreducible representations of A, and let PrimpAq :“
tker π : π P IrrpAqu be the set of primitive ideals in A. Fell topology restricted to PrimpAq is the
usual Jacobson topology. We have a one-to-one correspondence between closed sets in PrimpAq
and ideals in A given by: hullpIq :“ tP P PrimpAq : P Ě Iu and I “ ŞPPhullpIq P , for all
I P IpAq. For any ideal I P IpAq we have mutually inverse maps PI ÞÑ P :“ ta P A : aI Ď Iu
and P ÞÑ PI :“ P X I that allow us to identify PrimpIq with the open set PrimpAqz hullpIq:
(4) PrimpIq “ tP P PrimpAq : P Ğ Iu.
The above identification extends to hereditary subalgebras. Namely, for any hereditary C˚-
subalgebra B of A the map P ÞÑ P X B allows us to assume the identification PrimpBq “
tP P PrimpAq : P Ğ Bu.
For any π P IrrpAq we denote by rπs the unitary equivalence class of π. Then rπs Ñ ker π is
a well defined surjection from the spectrum pA :“ trπs : π P IrrpAqu of A onto PrimpAq, which
induces Jacobson topology on pA. Identification (4) lifts to the following identification on the
level of spectra:
(5) pI “ trπs P pA : ker π Ğ Iu, I P IpAq.
More generally, for any hereditary C˚-subalgebra B of A identification PrimpBq “ tP P
PrimpAq : P Ğ Bu lifts to the identification pB “ trπs P pA : ker π Ğ Bu.
We recall that I P IpAq is a prime ideal if for any pair of J1, J2 P IpAq with J1 X J2 Ď I
either J1 Ď I or J2 Ď I. We denote by PrimepAq the set of prime ideals in A and equip it
with Fell topology. It is well known that PrimpAq Ď PrimepAq and if A is separable, then
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actually PrimpAq “ PrimepAq. Let us note that using the identification (5) the inclusion
PrimpAq Ď PrimepAq actually means that{I X J “ pI X pJ, for all I, J P IpAq.
2.2. Hilbert bimodules and induced representations. Let A and B be C˚-algebras.
Following [6, 1.8], by an A-B-Hilbert bimodule we mean a linear space X which is both a
left Hilbert A-module and right Hilbert B-module with the corresponding inner products
Ax¨, ¨y : X ˆX Ñ A and x¨, ¨yB : X ˆX Ñ B satisfying:
xxy, zyB “ Axx, yyz, x, y, z P X.
Note that then X establishes a Morita-Rieffel equivalence between the ideals AxX,Xy P IpAq
and xX,XyB P IpBq. We recall [46], see [45, Definition 3.1], that aMorita-Rieffel (or imprimi-
tivity) A-B-bimodule is anA-B-Hilbert bimoduleX such that AxX,Xy “ A and xX,XyB “ B.
For the Morita-Rieffel bimodule X the formula
IpBq Q I Ñ AxXI,Xy P IpAq
defines a homeomorphism IpBq – IpAq called Rieffel correspondence [45, Proposition 3.24].
This correspondence restricts to the homeomorphism hX : PrimpBq Ñ PrimpAq called Rieffel
homeomorphism [45, Proposition 3.3]. The latter has a lift to a homeomorphism phX : pB Ñ pA
also called Rieffel homeomorphism.
More specifically, let X be an A-B-Hilbert bimodule and let π : B Ñ BpHpiq be a represen-
tation. We define a Hilbert space XbpiHpi to be a Hausdorff completion of the tensor product
vector space X bH with the semi-inner-product given by
xx1 bpi h1, x2 bpi h2yC “ xh1, πpxx1, x2yAqh2yC.
Then the formula
X -IndABpπqpaqpxbpi hq “ paxq bpi h, a P A,
defines a representation X -IndABpπq : A Ñ BpHpiq called induced representation. If X is a
Morita-Rieffel bimodule then the formulaphXprπsq “ rX -IndABpπqs, π P IrrpBq,
defines the Rieffel homeomorphism phX : pB Ñ pA, see [45, Corollaries 3.32, 3.33]. In particular,
we have hXpker πq “ ker
`
X -IndABpπq
˘
for any π P IrrpBq.
Let X be an A-A-Hilbert bimodule. In this case, we will also call X a Hilbert bimodule over
A. An ideal I P IpAq is said to be X-invariant if IX “ XI. For an X-invariant ideal the
quotient space X{XI is naturally a Hilbert bimodule over A{I. In the sequel we will need the
following simple fact, which is probably well-known to experts, but we lack a good reference.
Lemma 2.2. Let X be a Hilbert bimodule over a C˚-algebra A and let I be an X-invariant
ideal in A. Then for any representation π : A{I Ñ BpHpiq we have the following unitary
equivalence of representations of A:`pX{XIq -Indπ˘ ˝ q – X -Indpπ ˝ qq
where q : AÑ A{I is the quotient map.
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Proof. Note that for any xi P X and hi P Hpi, i “ 1, ..., n, we have››››› nÿ
i“1
pxi `XIq bpi hi
›››››
2
“
nÿ
i,j“1
xhi, π
`xxi `XI, xj `XIyA{AI˘hjy
“
nÿ
i,j“1
xhi, π
`
qpxxi, xjyAq
˘
hjy “ }
nÿ
i“1
xi bppi˝qq hi}2.
Accordingly, the mapping px ` XIq bpi h ÞÑ x bpi˝q h, x P X, h P Hpi, extends by linearity
and continuity to a unitary operator V : X{XI bpi Hpi Ñ X bpi˝q Hpi. Unitary V intertwines`pX{XIq -Indπ˘ ˝ q and X -Indpπ ˝ qq because for any a P A, x P X, h P Hpi we have
V
`pX{XIq -Indπ˘pqpaqqpx`XIq bpi h “ V pax`XIq bpi h
“ axbpi˝q h
“ X -Indpπ ˝ qqpaqV px`XIq bpi h.

2.3. Partial actions. We recall that a partial action of a discrete group G on a C˚-algebra
A is a pair α “ ptDtutPG, tαtutPGq, where for each t P G, αt : Dt´1 Ñ Dt is an isomorphism
between ideals of A such that
αe “ idA and αst extends αs ˝ αt for s, t P G.
The second property above is equivalent to the following relations: αtpDt´1 XDsq Ď Dts and
αspαtpaqq “ αstpaq for a P Dt´1 X Dt´1s´1, s, t P G. The triple pA,G, αq is called partial
C˚-dynamical system. There are two C˚-algebras naturally associated to such systems: the
full crossed product A ¸α G and the reduced crossed product A ¸α,r G (they can be defined
in terms of C˚-algebras associated to Fell bundles, see Example 2.5 below). When Dt “ A for
every t P G, we talk about global actions and global C˚-dynamical systems.
Any partial action α on a commutative C˚-algebra A “ C0pΩq, where Ω is a locally compact
Hausdorff space, is given by
(6) αtpfqpxq :“ fpθt´1pxqq, f P C0pΩt´1q,
where Dt “ C0pΩtq, t P G, and ptΩtutPG, tθtutPGq is a partial action of G on Ω. In general,
a partial action of G on a topological space Ω is a pair θ “ ptΩtutPG, tθtutPGq where Ωt’s are
open subsets of Ω and θt : Ωt´1 Ñ Ωt are homeomorphisms such that
θe “ idΩ and θst extends θs ˝ θt for s, t P G.
The triple pΩ, G, θq is called partial (topological) dynamical system. In case every Ωt “ Ω, we
say θ is a global action.
For global actions on commutative C˚-algebras, it is a part of C˚-folklore, for the extended
discussion see, for instance, [4] or [27], that simplicity of the associated reduced partial crossed
products is equivalent to minimality and topological freeness of the dual action. This result
was adapted to partial actions in [17]. Let us recall the relevant definitions:
Let θ “ ptΩtutPG, tθtutPGq be a partial action on a (not necessarily Hausdorff) topological
space Ω. A subset V of Ω is θ-invariant if θtpV X Ωt´1q Ď V for every t P G (then we
actually have θtpV X Ωt´1q “ V X Ωt, for all t P G, and thus ΩzV is also θ-invariant). The
restriction θV :“ ptΩt X V utPG, tθt|Ω
t´1XV
utPGq of θ to a θ-invariant set V Ď Ω is a again a
partial dynamical system, and θ is called minimal if there are no non-trivial closed θ-invariant
subsets of Ω. The partial action θ is topologically free if for finite set F Ď Gzteu the set
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Ť
tPF tx P Ωt´1 : θtpxq “ xu has empty interior in Ωe. We say, cf. [48, Page 230], [18, Definition
3.4], that θ is residually topologically free if the restriction of θ to any closed θ-invariant set is
topologically free.
Dynamical conditions implying pure infiniteness of reduced crossed products for global
actions on totally disconnected spaces were introduced in [47], and adapted to the case of
partial actions in [18]. A crucial notion is that of paradoxical set, cf. [47, Definition 4.2], [18,
Definition 4.3]:
Definition 2.3. Let ptΩtutPG, tθtutPGq be a partial action on a topological space Ω. A non-
empty open set V Ď Ω is called G-paradoxical if there are open sets V1, ..., Vn`m and elements
t1, ..., tn`m P G, such that
(1) V “ Ťni“1 Vi “ Ťn`mi“n`1 Vi,
(2) Vi Ď Ωt´1i and θtipViq Ď V for all i “ 1, ..., n`m,
(3) θtipVtiq X θtj pVtj q “ H for all i ‰ j.
The notion of quasi-orbit space adapted to partial actions, cf. [18, Page 5740], is defined as
follows:
Definition 2.4. Let ptΩgugPG, tθgugPGq be a partial action of a group G on a topological space
Ω. We let the orbit of a point x P Ω to be the set
Gx :“
ď
tPG
xPΩ
t´1
tθtpxqu.
We define the quasi-orbit Opxq of x to be the equivalence class of x under the equivalence
relation on Ω given by
x „ y ðñ Gx “ Gy.
We denote by OpΩq the quasi-orbit space Ω{ „ endowed with the quotient topology.
2.4. Fell bundles and graded C˚-algebras. Let G be a discrete group. A Fell bundle over
G can be defined as a collection B “ tBtutPG of closed subspaces of a C˚-algebra C such
that B˚t “ Bt´1 and BtBs Ď Bts for all s, t P G (see [16, Definition 16.1] for the axiomatic
description). These relations in particular imply that
(7) BtBt´1Bt “ Bt, t P G,
and BtBt´1 is an ideal in the core C
˚-algebra Be, cf. [16, Lemma 16.12]. Moreover, for any
t P G, Bt is naturally a Hilbert bimodule over Be with right and left inner products given by
xx, yyBe :“ x˚y and Bexx, yy :“ xy˚, x, y P Bt. Then xBt, BtyBe “ BtBt´1 .
If B “ tBtutPG is a Fell bundle, then the direct sum
À
tPGBt is naturally equipped with the
structure of a ˚-algebra which admits a C˚-norm. In general, there are many C˚-norms onÀ
tPGBt. There is always a maximal such norm, and it satisfies the inequality
(8) }ae} ď }
ÿ
tPG
at}, for all
ÿ
tPG
at P
à
tPG
Bt, at P Bt, t P G,
see [43, Lemma 1.3], [11, Proposition 2.9], or [16, Lemma 17.8]. The completion of
À
tPGBt in
the maximal C˚-norm is denoted by C˚pBq. It is called cross sectional algebra of B. It follows
from [11, Theorem 3.3] that there is also a minimal C˚-norm on
À
tPGBt satisfying (8) and a
completion of
À
tPGBt in this minimal C
˚-norm is naturally isomorphic to the reduced cross
sectional algebra C˚r pBq, as introduced in [11, Definition 2.3] or in [43, Definition 3.5] (both
definitions are known to be equivalent). A Fell bundle B “ tBtutPG is said to be amenable
PURE INFINITENESS AND IDEAL STRUCTURE OF CROSS-SECTIONAL C˚-ALGEBRAS 9
[16, Definition 20.1] if the algebras C˚r pBq and C˚pBq coincide; in other words, if there exists
a unique C˚-norm on
À
tPGBt satisfying (8). It is known that if the group G is amenable (or
more generally if B “ tBtutPG has the approximation property, see [16, Definition 20.4]) then
the Fell bundle B “ tBtutPG is automatically amenable, see [16, Theorem 20.7].
Let B “ tBtutPG be a Fell bundle. Any C˚-algebra B which is a closure of
À
tPGBt is called
B-graded (or simply graded). If additionally the norm in B satisfies (8), then B is called
topologically graded [16, Definition 19.2], [11, Definition 3.4]. For any topologically B-graded
C˚-algebra B the canonical projections
Ft :
à
sPG
Bs Ñ Bt, t P G,
extend to contractive linear maps on B, cf. [16, Corollary 19.6]. They are called Fourier
coefficient operators in [16, page 197]. In particular, Fe : B Ñ Be is a conditional expectation
onto the core C˚-algebra Be. This conditional expectation is faithful if and only if B “ C˚r pBq,
see [11, Proposition 2.12].
Perhaps the most significant example of a Fell bundle is the one coming from partial actions.
In particular, every separable Fell bundle whose unit fiber is stable arises in this way, see [16,
Theorem 27.11].
Example 2.5 (Fell bundle associated to a partial action). The Fell bundle Bα “ tBtutPG
associated to a partial action α “ ptDtutPG, tαtutPGq on a C˚-algebra A is defined as follows:
Bt :“ tatδt : at P Dtu is isomorphic as a Banach space to Dt (δt is just an abstract marker),
and multiplication and star operation are given by
patδtqpasδsq “ αtpαt´1patqasqδts, patδtq˚ “ αt´1pa˚t qδt´1 .
In particular, cf. [16, Proposition 16.28] the full crossed product and the reduced crossed
product can be defined as follows
A¸α G :“ C˚pBq, A¸α,r G :“ C˚r pBq.
In the sequel, we will identify Be with De “ A, so we will write a for aδe.
2.5. Ideals in Fell bundles and graded C˚-algebras. An ideal in a Fell bundle B “
tBtutPG is a collection J “ tJtutPG, consisting of closed subspaces Jt Ď Bt, such thatBsJt Ď Jst
and JsBt Ď Jst, for all s, t P G, see [12, Definition 2.1]. Then it follows, see [12], that J is self-
adjoint in the sense that pJtq˚ “ Jt´1, so in particular J is a Fell bundle in its own right (thus
our definition agrees with [16, Definition 21.10]). Moreover, the family B{J :“ tBt{JtutPG is
equipped with a natural Fell bundle structure and as such is called quotient Fell bundle, cf.
[16, Definition 21.14]. In view of [12, Proposition 2.2], see also [16, Proposition 21.15], we
have the following natural exact sequence
(9) 0 ÝÑ C˚pJ q ιÝÑ C˚pBq κÝÑ C˚pB{J q ÝÑ 0,
which by [12, Lemma 4.2] induces the following (not necessarily exact!) sequence
(10) 0 ÝÑ C˚r pJ q ιrÝÑ C˚r pBq κrÝÑ C˚r pB{J q ÝÑ 0
where ιr is injective and κr surjective, but in general ιrpC˚r pJ qq Ĺ ker κr.
Ideals in Fell bundles and graded algebras are related to each other in the following way. If
J is an ideal in a graded C˚-algebra B “ÀtPGBt, then it is easy to see that J :“ tJXBtutPG
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is an ideal in the Fell bundle B “ tBtutPG. Moreover, by [16, Proposition 23.1] we have the
equivalence
(11) J is generated as an ideal by J XBe ðñ J “
à
tPG
J XBt.
The ideals in B “ ÀtPGBt satisfying equivalent conditions in (11), are called induced [11,
Definition 3.10] or graded [16, Definition 23.2]. In the present general context we prefer the
second name.
In topologically graded algebras there is another important class of ideals. Recall that
B “ ÀtPGBt is topologically graded if and only there are Fourier coefficient operators Ft :
B Ñ Bt Ď B, t P G. In this case an ideal J in B is called Fourier if
FtpJq Ď J, for all t P G,
see [16, Definition 23.8]. The following fundamental relationship between the general, graded
and Fourier ideals in topologically graded C˚-algebras was already established in [11, Theorem
3.9], see also [16, Proposition 23.4].
Proposition 2.6. If J is an ideal in a topologically graded C˚-algebra B, then
tb P B : Fepb˚bq P Ju “ tb P B : Ftpbq P J, t P Gu
and this set is a Fourier ideal in B that contains the graded ideal generated by J X Be. In
particular, if J is graded, then it is Fourier.
For the sake of discussion let us denote the Fourier and the graded ideal in the above
proposition respectively by JF and JG. Then we have two inclusions JG Ď J and JG Ď JF ,
and in general this is all we can say. More precisely, JG Ĺ JF if and only if JF is a Fourier
ideal which is not graded. There is always such an ideal if B ‰ C˚r pBq (consider the kernel of
the canonical epimorphism from B “ÀtPGBt onto C˚r pBq), and even if B “ C˚r pBq one can
construct such an ideal when the underlying group G is not exact, see [16, page 199]. On the
other hand, considering the Fell bundle arising from the C˚-dynamical system pC, id,Zq for any
non-trivial ideal J in C¸id Z – CpTq we get J XBe “ t0u, and therefore J Ę JF “ JG “ t0u.
This indicates that the equality JG “ JF is related with a notion of ‘exactness’ while inclusion
J Ď JF has to do with an ‘intersection property’. We will make these notions precise and
study them in more detail in the forthcoming section.
3. Exactness, the intersection property and topological freeness
In this section, we exploit notions of exactness, the intersection property and topological
freeness for a Fell bundle B, introduced recently in [1]. As shown in [1], these properties allow
one to parametrize ideals in C˚r pBq by ideals in the core C˚-algebra Be. The relevant ideals
in Be are defined as follows.
Definition 3.1 (Definition 3.5 in [1]). Let B “ tBtutPG be a Fell bundle. We say that an ideal
I in Be is B-invariant if BtIBt´1 Ď I for every t P G. We denote the set of all B-invariant
ideals in Be by I
BpBeq and equip it with the Fell topology inherited from IpBeq.
The relationship between various types of ideals is explained in the following:
Proposition 3.2. Let B “ÀtPGBt be a graded C˚-algebra. Relations
J “à
tPG
Jt, Jt “ J XBt “ BtI “ IBt, t P G,
establish natural bijective correspondences between the following objects:
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(i) graded ideals J in B,
(ii) ideals J “ tJtutPG in the Fell bundle B “ tBtutPG,
(iii) B-invariant ideals I in the core C˚-algebra Be.
Proof. The correspondence between objects in items (i) and (ii) was in essence already dis-
cussed and follows easily from (11). The correspondence between objects in items (ii) and
(iii) is proved in [1, Proposition 3.6]. 
Corollary 3.3. For any Fell bundle B “ tBtutPG, we have a surjective map
(12) IpC˚r pBqq Q J Ñ J XBe P IBpBeq,
which becomes a homeomorphism when restricted to graded ideals in C˚r pBq.
Proof. Clearly, the mapping (12) is well defined and preserves inclusions. Thus the assertion
follows from Proposition 3.2. 
Note that Proposition 3.2 (and injectivity of ιr in (10)) implies that for any Fell bundle
B “ tBgugPG and any graded ideal J in C˚r pBq, we have
J – C˚r pJ q
where J “ tJtu, Jt “ J X Bt, t P G. In particular, we get a similar isomorphism for the
quotient C˚r pBq{J provided the sequence (10) is exact. The following definition generalizes the
notion of exactness for group (partial) actions introduced in [48, Definition 1.5], [18, Definition
3.1(ii)].
Definition 3.4 (Definition 3.14 in [1]). We say that a Fell bundle B “ tBgugPG is exact if the
sequence (10) is exact for every ideal J in B.
Remark 3.5. In view of [12, Proposition 2.2] a discrete group G is exact if and only if any
Fell bundle over G is exact.
Corollary 3.6. If B “ tBgugPG is an exact Fell bundle and J is a graded ideal in C˚r pBq, then
C˚r pBq{J – C˚r pB{J q
where J “ tJtu, Jt “ J XBt, t P G.
Proof. Apply the correspondence between objects in (i) and (ii) in Proposition 3.2 and exact-
ness of the sequence (10). 
We have the following characterization of exactness of Fell bundles in terms of the structure
of Fourier ideals in C˚r pBq.
Proposition 3.7. A Fell bundle B “ tBgugPG is exact if and only if every Fourier ideal in
C˚r pBq is graded.
Proof. Let J “ tJtutPG be an ideal in B and put J p1q “ ιrpC˚r pJ qq and J p2q “ kerpκrq where
ιr and κr are mappings appearing in the sequence (10). It follows from the construction of ιr
and κr that
(13) J p1q “à
tPG
Jt Ď J p2q “ tb P B : Ftpbq P Jt, t P Gu.
Hence J p2q is Fourier, and since Jt “ JtJ˚t Jt Ď JeJt, for all t P G, one concludes that J p1q is an
induced ideal. In particular, (13) implies that Jt “ J piq XBt “ FtpJ piqq for all t P G, i “ 1, 2.
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Suppose now J is a Fourier ideal in C˚r pBq. For each t P G, let Jt “ J X Bt so that
J “ tJtutPG is an ideal in B. Consider the ideals J p1q and J p2q associated to J “ tJtutPG as
above. By the Fourier property of J , we conclude from (13) that
J p1q Ď J Ď J p2q.
Thus if (10) is exact then J “ J p1q “ J p2q is a graded ideal. If J is not graded then J1 ‰ J
and (10) is not exact. 
Standard arguments show that exactness passes to ideals and quotients.
Lemma 3.8. Let J be an ideal in an exact Fell bundle B. Then both J and B{J are exact.
Proof. If I is an ideal in J , then treating it as an ideal in B we get the exact sequence
0 ÝÑ C˚r pIq ιrÝÑ C˚r pBq κrÝÑ C˚r pB{Iq ÝÑ 0
which restricts to the exact sequence
0 ÝÑ C˚r pIq ιrÝÑ C˚r pJ q κrÝÑ C˚r pJ {Iq ÝÑ 0.
Hence J is exact. Now suppose that rI is an ideal in B{J and let I be the preimage of rI under
the quotient map. Then I is an ideal in B, containing J , and we have a natural isomorphism
pB{J q{rI – B{I. In particular, we have a commutative diagram
0 // C˚r pIq //

C˚r pBq //

C˚r pB{Iq //
–

0
0 // C˚r prIq // C˚r pB{J q // C˚r ppB{J q{rIq // 0
,
where the upper row is exact and the two left most vertical maps are surjective (they are
induced by the quotient map B Ñ B{J ). Using this, one readily gets that the lower row is
also exact. Hence B{J is exact. 
As one would expect, amenability of a Fell bundle implies exactness.
Lemma 3.9. Let J be an ideal in a Fell bundle B. Then
B is amenable ðñ J and B{J are amenable.
Proof. Denote by ΛB : C
˚pBq Ñ C˚r pBq the canonical epimorphism. By [11, Proposition 3.1]
we have kerpΛBq “ ta P C˚pBq : EBpa˚aq “ 0u where EB : C˚pBq Ñ Be is the canonical
conditional expectation. Note that, for any Fell bundles B and B1 and any homomorphism
Φ : C˚pBq Ñ C˚pB1q that preserves the gradings we have ΦpEBpa˚aqq “ EB1pΦpaq˚Φpaqq,
a P C˚pBq, and therefore ΦpkerpΛBqq Ď kerpΛB1q. Thus the exact sequence (9) restricts to the
sequence
(14) 0 ÝÑ kerpΛJ q ιÝÑ kerpΛBq κÝÑ kerpΛB{J q ÝÑ 0.
It is not hard to see that (14) is also exact. Indeed, ι is injective and clearly we have
ιpkerpΛJ qq “ kerpΛBq X ιpC˚pJ qq. Hence the isomorphism C˚pBq{ιpC˚pJ qq – C˚pB{J q, in-
duced by the epimorphism κ : C˚pBq Ñ C˚pB{J qq, ‘restricts’ to the isomorphism kerpΛBq{ιpkerpΛJ qq –
kerpΛB{J q. Thus (14) is exact.
Now, since B is amenable if and only if kerpΛBq “ t0u, the assertion follows from exactness
of the sequence (14). 
Corollary 3.10. Every amenable Fell bundle is exact.
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Proof. In view of Lemma 3.9, if B is amenable, the sequences (9) and (10) coincide. 
The notion of (residual) intersection property, in the context of crossed products was intro-
duced in [48, Definition 1.9], see also [18, Definition 3.1(iii)].
Definition 3.11 (Definition 3.14 in [1]). We say that a Fell bundle B “ tBtutPG has the
intersection property if every non-zero ideal in C˚r pBq has a non-zero intersection with Be.
We say that a Fell bundle B “ tBtutPG has the residual intersection property if B{J has the
intersection property for every ideal J in B.
The following theorem is essence reformulation of [1, Theorem 3.19]. It is a generalization
of [18, Theorem 3.2], cf. also [48, Theorem 1.13].
Theorem 3.12. Let B “ tBtutPG be a Fell bundle. The following statements are equivalent:
(i) The map (12) establishes a homeomorphism IpC˚r pBqq – IBpBeq.
(ii) All ideals in C˚r pBq are graded.
(iii) B is exact and has the residual intersection property.
Proof. Equivalence (i)ðñ(ii) is clear. Equivalence (i)ðñ(iii) follows from [1, Theorem 3.19]
(note that for every ideal J P IBpBeq the C˚-algebra C˚r pJ q embeds into C˚r pBq as a graded
ideal). 
Corollary 3.13. Let B “ tBtutPG be a Fell bundle with the intersection property. Then C˚r pBq
is simple if and only if there are no non-trivial B-invariant ideals in Be.
Proof. The ‘only if’ part is clear. For the ‘if’ part note that if there are no non-trivial B-
invariant ideals in Be, then B is trivially an exact Fell bundle. Thus it suffices to apply
Theorem 3.12. 
Corollary 3.14. Let B “ tBtutPG be an exact Fell bundle with the residual intersection
property. If Be has the ideal property then C
˚
r pBq has the ideal property.
Proof. By Theorem 3.12, every ideal J P IpC˚r pBqq is generated by I “ Be X J . Denoting by
P pJq and P pIq respectively the sets of projections in J and I, we see that the ideal generated
by P pJq in C˚r pBq contains
C˚r pBqP pIqC˚r pBq “ C˚r pBqBeP pIqBeC˚r pBq “ C˚r pBqIC˚r pBq “ J.
Hence C˚r pBqP pJqC˚r pBq “ J , which shows the ideal property for C˚r pBq. 
We have the following characterization of the intersection property in terms of graded C˚-
algebras.
Proposition 3.15. Let B “ tBtutPG be a Fell bundle. The following conditions are equivalent:
(i) B has the intersection property,
(ii) every graded C˚-algebra B “ÀtPGBt is automatically topologically graded,
(iii) for every graded B “ ÀtPGBt and any positive element b “ ‘tPGbt in ÀtPGBt we
have
}be} ď }b}B.
Proof. (i)ñ(ii) Suppose B “ tBtutPG has the intersection property and B “
À
tPGBt is a
graded C˚-algebra. We have two surjective homomorphisms Ψ : C˚pBq Ñ B and ΛB :
C˚pBq Ñ C˚r pBq which are identities on
À
tPGBt. The image of J :“ ker Ψ under ΛB is
an ideal in C˚r pBq whose intersection with Be is zero. Thus (by the intersection property)
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J Ď ker ΛB. Therefore ΛB factors through to the epimorphism Φ from B, identified with
C˚pBq{J , onto C˚r pBq which is injective on
À
tPGBt. Since C
˚
r pBq is topologically graded it
follows that B “ ÀtPGBt is topologically graded. Indeed, if b “ ‘tPGbt is in ÀtPGBt Ď B,
then }be} “ }Φpbeq} ď }Φpbq} ď }b}.
(ii)ñ(iii) is trivial. To show (iii)ñ(i), assume on the contrary that there is a non-zero
ideal J in C˚r pBq such that J X Be “ t0u. Then J has trivial intersection with all the spaces
Bt, t P G. Hence B :“ C˚r pBq{J is graded by the Fell bundle tBtutPG and the quotient
map q : C˚r pBq Ñ B “ C˚r pBq{J is injective on
À
tPGBt. Since the conditional expectation
E : C˚r pBq Ñ Be is faithful and J ‰ t0u, there is a positive element a P J with }Epaq} “ 1. AsÀ
tPGBt is a dense ˚-algebra in C˚r pBq, we may find a positive element b “ ‘tPGbt in
À
tPGBt
such that }a ´ b}C˚r pBq ă 1{3. Then }be ´ Epaq}C˚r pBq “ }Epb´ aq}C˚r pBq ă 1{3, which implies
}be} ą 2{3, and }qpbq}B “ }qpb´ aq}B ă 1{3. Thus if we assume (iii), we get
2{3 ă }be} “ }qpbeq} ď }qpbq}B ă 1{3,
a contradiction. 
A useful condition that implies the intersection property is topological freeness of a dual
system. A dynamical system dual to a saturated Fell bundle was considered in [33, Corollary
6.5] (it is a special case of a dual semigroup associated to a product system in [33, Definition
4.8]. A partial dynamical system dual to a semi-saturated Fell bundle over Z was studied in
[27]. A partial dynamical system dual to an arbitrary Fell bundle over a discrete group was
defined in [1, Definition 2.3]. Let us now recall the relevant constructions and facts.
Let B “ tBtutPG be a Fell bundle over a discrete group G, and put
(15) Dt :“ BtBt´1 for all t P G.
Then Dt is an ideal in Be and we may treat Bt as a Morita-Rieffel Dt-Dt´1-bimodule. Thus
we get a partial homeomorphism pht : pDt´1 Ñ pDt of xBe, where
(16) pht :“ rBt -IndDt´1Dt s for all t P G.
Recall that pht is a lift of a partial homeomorphism ht : PrimpDt´1q Ñ PrimpDtq of PrimpBeq,
and the latter is a restriction of the Rieffel homeomorphism ht : IpDt´1q Ñ IpDtq, which in
this case is given by the formula
(17) IpDt´1q Q I ÞÝÑ htpIq “ BtIBt´1 P IpDtq,
cf. also [27, Remark 2.3].
Proposition 3.16. Formulas (15) and (16) define a partial action pt pDtutPG, tphtutPGq of G onxBe. It is a lift of a partial action ptPrimpDtqutPG, thtutPGq of G on PrimpBeq.
Proof. The first part follows from [1, Proposition 2.2]. Now, since the maps pht : pDt´1 Ñ pDt and
ht : PrimpDt´1q Ñ PrimpDtq are intertwined by the surjection xBe Q rπs Ñ ker π P PrimpBeq,
one readily concludes that ptPrimpDtqutPG, thtutPGq is also a partial action. 
Remark 3.17. If B is the Fell bundle of a partial action α “ ptDtutPG, tαtutPGq on a C˚-
algebra A then the ideals Dt, t P G, coincide with those given by (15). Modifying slightly the
proof of [33, Lemma 6.7] or [26, Proposition 2.18], see also the proof of Lemma 8.13 below,
one sees that the dual partial dynamical system pt pDgugPG, tphgugPGq is given by the formulaphtprπsq “ rπ ˝ αt´1s, rπs P pDt´1 , t P G.
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The Rieffel homeomorphism is given by htpIq “ αtpIq P IpDtq for I P IpDt´1q. In particular,
if A “ C0pΩq is commutative and ptΩgugPG, tθgugPGq is the system that determines α by (6),
then ptΩgugPG, tθgugPGq can be identified with pt pDgugPG, tphgugPGq, cf. [1, Subsection 4.1].
Definition 3.18. We call both of the systems pt pDtutPG, tphtutPGq and ptPrimpDtqutPG, thtutPGq
described above partial dynamical systems dual to the Fell bundle B.
Remark 3.19. The authors of [1] consider only the system pt pDtutPG, tphtutPGq and call it, [1,
Definition 2.3], the partial action associated to B.
The following theorem can be proved by a straightforward adaptation of the argument
leading to the main result of [27]. In a slightly different way, it was proved in [1].
Theorem 3.20 (Corollary 3.4.(ii) in [1]). If the partial dynamical system pt pDgugPG, tphgugPGq
dual to a Fell bundle B is topologically free, then B has the intersection property.
Remark 3.21. In view of Remark 3.17 and Proposition 3.15, the above theorem is a gen-
eralization of similar results obtained earlier for saturated Fell bundles [33, Corollary 6.5(i)],
classical crossed products [4, Theorem 1], partial crossed products [36, Theorem 2.4] and semi-
group crossed products of corner endomorphisms [28, Theorem 6.5], cf. Section 8. Actually,
Theorem 3.20 is much stronger than the last mentioned two results which concern topological
freeness of the system ptPrimpDgqugPG, thgugPGq. Clearly, the latter implies topological free-
ness of pt pDgugPG, tphgugPGq, but the converse fails drastically already for the Cuntz algebra On,
cf. example after [26, Proposition 3.16], or Proposition 7.3 below.
In order to get a description of all ideals in C˚r pBq, we need the following lemma.
Lemma 3.22. If I is an ideal in Be, then the following conditions are equivalent:
(i) I is B-invariant,
(ii) pI Ď pBe is invariant under the partial action pt pDtutPG, tphtutPGq dual to B,
(iii) hullpIq is invariant under the partial action ptPrimpDtqutPG, thtutPGq.
Proof. The equivalence (i)ô(ii) was proved in [1, Proposition 3.10]. Since pI is invariant if and
only if its complement pBezpI is invariant and pt pDtutPG, tphtutPGq is a lift of ptPrimpDtqutPG, thtutPGq,
we conclude that hullpIq “ tker π : rπs P pBezpIu is invariant if and only if pI is invariant. Hence
(ii)ô(iii). 
Corollary 3.23. Suppose that the partial dynamical system pt pDtutPG, tphtutPGq dual to B is
residually topologically free. Then B has the residual intersection property. In particular,
(i) if B is exact then J Ñ {J XBe is a lattice isomorphism from IpC˚r pBqq onto the set of
all open invariant subsets in xBe.
(ii) C˚r pBq is simple if and only if pt pDtutPG, tphtutPGq is minimal (and then B is exact).
Proof. Let J be an ideal in B. Let t P G and treat Bt as a Hilbert bimodule over Be.
By Proposition 3.2, we see that I :“ Je is a Bt-invariant ideal and Bt{Jt “ Bt{BtI is the
quotient Hilbert bimodule. By Lemma 3.22, the closed set Y :“ pAzpI is invariant under
pt pDtutPG, tphtutPGq. Using Lemma 2.2, we conclude that the restricted partial dynamical system
pt pDg X Y ugPG, tphg|Y ugPGq can be naturally identified with the partial dynamical system dual
to the quotient bundle B{J . Thus by Theorem 3.20, B{J has the intersection property.
Accordingly, B has the residual intersection property. Now, part (i) follows from Theorem
3.12 and Lemma 3.22. Part (ii) is a consequence of Corollary 3.13. 
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Remark 3.24. Items (i) and (ii) in Corollary 3.23 are in essence a content of the second part
of [1, Corollary 3.20] and of [1, Corollary 3.12], respectively. The first part of the assertion in
Corollary 3.23 was stated without a proof in [1, Corollary 3.16].
4. Aperiodicity for Fell bundles and criteria of pure infiniteness
Muhly and Solel introduced a notion of aperiodicity for C˚-correspondences, [37, Definition
5.1], which was in turn inspired by the results of Kishimoto, see [25, Lemma 1.1], and Olesen
and Pedersen, see [38, Theorems 6.6 and 10.4]. In the context of partial group actions, a
similar condition was exploited in [18]. We formulate it for Fell bundles as follows.
Definition 4.1. A Fell bundle B “ tBgugPG is aperiodic if for each t P Gzteu, each bt P Bt
and every non-zero hereditary subalgebra D of Be,
(18) inft}abta} : a P D`, }a} “ 1u “ 0.
In other words, B is aperiodic if for each t P Gzteu the Hilbert Be-bimodule Bt is aperiodic
in the sense of [37, Definition 5.1]. In particular, reinterpreting [37, Lemma 5.2] we get the
following lemma.
Lemma 4.2. Let B “ tBgugPG be a Fell bundle and B “
À
gPGBg a B-graded C
˚-algebra.
The Fell bundle B is aperiodic if and only if for every element b “ ‘gPGbg in
À
gPGBg, with
be ą 0, and every ε ą 0 there exists a in the hereditary subalgebra beBebe of Be, with a ě 0
and }a} “ 1, such that
}abea´ aba}B ă ε, }abea} ą }be} ´ ε.
Proof. By Lemma 5.2 of [37], or more precisely very straightforward generalization of its proof,
B “ tBgugPG is aperiodic if and only if for every element b “ ‘gPGbg in
À
gPGBg, with be ą 0,
and every ǫ ą 0 there is a P beBebe, with a ě 0 and }a} “ 1, such that
}abea} ą }be} ´ ǫ and }abta} ă ǫ for t P Gzteu.
The assertion follows from the above if one puts ǫ “ ε{n where n is the number of elements
in the set tt P G : bt ‰ 0u (if n “ 0 the assertion is trivial). 
Corollary 4.3. If the Fell bundle B is aperiodic then it has the intersection property.
Proof. By Lemma 4.2 condition (iii) in Proposition 3.15 is satisfied. 
Corollary 4.4. If the Fell bundle B is aperiodic then for any b P C˚r pBq`zt0u there is a P
C˚r pBq`zt0u such that a À b.
Proof. Let b P C˚r pBq`zt0u. Lemma 4.2 implies that there exists a positive contraction h in
Be such that
}hEpbqh ´ hbh} ď 1{4, }hEpbqh} ě }Epbq} ´ 1{4 “ 3{4,
where E is the conditional expectation from C˚r pBq onto Be. Putting a :“ phEpbqh´ 1{2q` P
B`e we see that a ‰ 0. We conclude that a À b, exactly as in the proof of [47, Lemma 3.2]. 
Corollary 4.3 and Theorem 3.20 indicate that notions of aperiodicity and topological freeness
are closely related. The general relationship is rather mysterious, cf. Remark 4.6 below.
Nevertheless, we have the following:
Proposition 4.5. Suppose that the unit fiber Be in the Fell bundle B “ tBgugPG has a Haus-
dorff primitive ideal space. If the partial action ptPrimpDtqutPG, thtutPGq dual to B is topolog-
ically free then B is aperiodic.
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Proof. Take any bt P Bt, where t P Gzteu, and any hereditary subalgebra D of Be. Let
U “ tx P PrimpBeq : x Ğ Du be the open subset of PrimpBeq corresponding to D. If
D X Dt´1 “ t0u then DDt´1 “ t0u and since Bt “ BtDt´1 we get abta “ 0 for every a P D.
Hence we may assume that DXDt´1 ‰ t0u. Then U XPrimpDt´1q is a non-empty open subset
of PrimpBeq. By topological freeness there exists x P U X PrimpDt´1q such that htpxq ‰ x.
Since PrimpBeq is Hausdorff we can actually find an open set V Ď U X PrimpDt´1q such that
htpV q X V “ H.
Now we exploit the ‘C0pXq-picture’ of Be. For each x P PrimpBeq and a P Be we denote
by apxq the image of A in the quotient A{x. It is a consequence of the Dauns-Hofmann
theorem, see for instance [45, Theorem A.34], that the formula pf ¨ aq “ fpxqapxq defines a
module action of C0pPrimpBeqq on Be via central elements in MpBeq. In particular, since D
is hereditary, we have f ¨ a P D for any a P D and f P C0pPrimpBeqq. Using this fact, we may
find an element a P D`, }a} “ 1, such that apxq “ 0 if x R V . The latter property means that
a P ŞxRV x. Thus we have
btaab
˚
t P bt
˜č
xRV
x
¸
b˚t Ď
č
xRV, xPPrimpDtq
htpxq Ď
č
xRhtpV q
x.
Since htpV q and V are disjoint, we get
Ş
xRV xX
Ş
xRhtpV q
x “ t0u. Therefore
}abta}2 “ }pabtaqpabtaq˚} “ }apbtaab˚t qa} “ 0.

Remark 4.6. If B is the Fell bundle associated to a partial action α “ ptDtutPG, tαtutPGq on
a commutative C˚-algebra A, then both aperiodicity of B and topological freeness of the dual
action are equivalent to the intersection property, see [18, Proposition A.7]. If additionally α
is a global action, these notions are also known to be equivalent to pointwise proper outerness
or pointwise spectral non-triviality, see respectively [18, Proposition A.7] and [41, Lemma 1.8].
For global actions on a separable (not necessarily commutative) C˚-algebra A, [38, Theorem
6.6 and Lemma 7.1] imply that topological freeness of the dual system on pA is equivalent to
aperiodicity of the associated bundle, and also to pointwise proper outerness. In particular,
all the aforementioned notions are closely related to the Connes spectrum and the Borcher’s
spectrum, cf. [38], [41].
Before we proceed we need the following definition.
Definition 4.7. We say that a Fell bundle B “ tBgugPG is residually aperiodic if B{J is
aperiodic for any ideal J in B.
Corollary 4.8. If B “ tBgugPG is residually aperiodic then it has the residual intersection
property, and thus if additionally B is exact then J Ñ J X Be is a homeomorphism from
IpC˚r pBqq onto IBpBeq.
Proof. Apply Corollary 4.3 and Theorem 3.12. 
The following theorem is a generalization of [47, Theorem 3.3], [18, Theorem 4.2], and
[30, Proposition 2.46], proved respectively for crossed products by group actions, partial ac-
tions, and single endomorphisms (see Section 8 below, for more information on latter crossed
products). In order to prove it we need a lemma which is interesting in its own right.
Lemma 4.9. Suppose that A is a purely infinite C˚-algebra with finitely many ideals. Then
A has the ideal property.
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Proof. It suffices to prove that every ideal J in A is generated (as an ideal) by a projection.
To this end, we first note that J is singly generated. Indeed, let tJkunk“1 be a family of all
ideals in J with the property that every Jk is singly generated. Clearly, the ideal generated
by the ideals tJkunk“1 is equal to J . To see that J is also singly generated, for every k, pick
an element ak P A`, that generates Jk. Put a “
řn
k“1 ak and denote by I the ideal in A
generated by a. Clearly, I Ď J . Conversely, for any k we have ak ď a and therefore ak P I
(because ideals are hereditary C˚-subalgebras). It follows that J “ I “ AaA is generated by
a. This implies that J is also generated by |a| :“ pa˚aq1{2 P A`zt0u. Indeed, writing a “ u|a|
where u is the partial isometry in A˚˚, and denoting by tµλu an approximate unit in a˚Aa, we
get that uµλ is in A and uµλ|a| converges to a. Thus a P A|a|A and J “ A|a|A. Now, since
A is purely infinite, |a| is a properly infinite element and the proof of implication (i)ñ(ii) in
[42, Proposition 2.7] produces from |a| a projection p P J that generates J . 
Theorem 4.10. Suppose that B “ tBgugPG is an exact, residually aperiodic Fell bundle.
Assume that either Be has the ideal property or that Be contains finitely many B-invariant
ideals. Then the following statements are equivalent:
(i) Every non-zero positive element in Be is properly infinite in C
˚
r pBq.
(ii) C˚r pBq is purely infinite.
(iii) C˚r pBq is purely infinite and has the ideal property.
(iv) Every non-zero hereditary C˚-subalgebra in any quotient C˚r pBq contains an infinite
projection.
If Be is of real rank zero, then each of the above conditions is equivalent to
(i’) Every non-zero projection in Be is properly infinite in C
˚
r pBq.
Proof. Implications (iv)ô(iii)ñ(ii)ñ(i) are general facts, see respectively [42, Propositions
2.11], [23, Proposition 4.7] and [23, Theorem 4.16]. If A is if real rank zero the equivalence
(i)ô(i’) is ensured by [30, Lemma 2.44]. Thus it suffices to show that (i) implies (iii) or (iv).
Let us then assume that every element in B`e zt0u is properly infinite in C˚r pBq. We note that,
in view of Corollary 4.8, the equivalent conditions in Theorem 3.12 hold.
Suppose first that Be has the ideal property. We will show (iv). Let J be an ideal in C
˚
r pBq
and D be a non-zero hereditary C˚-subalgebra in the quotient C˚r pBq{J . We need to show
that D contains an infinite projection. By Corollary 3.6, we have C˚r pBq{J – C˚r pB{J q, where
J “ tJtu, Jt “ J X Bt, t P G. Fix a non-zero positive element b in D. By Corollary 4.4
there exists a non-zero positive element a in Be{Je such that a À b relative to C˚r pB{J q. Note
that a is properly infinite in C˚r pB{J q as a non-zero homomorphic image of a properly infinite
positive element in C˚r pBq, by the assumption in (i). Since Be has the ideal property we can
find a projection q P Be that belongs to the ideal in Be generated by the preimage of a in
Be but not to Je. Then q ` Je is a non-zero projection that belongs to the ideal in Be{Je
generated by a, whence q ` Je À a À b, by [23, Proposition 3.5(ii)]. From the comment after
[23, Proposition 2.6] we can find z P C˚r pB{J q such that q ` Je “ z˚bz. With v :“ b
1
2 z it
follows that v˚v “ q`Je, whence p :“ vv˚ “ b 12 zz˚b 12 is a projection in B, which is equivalent
to q. By the assumption in (i), q and hence also p is properly infinite.
Suppose now that Be has finitely many, say n, B-invariant ideals. Since they are in one-
to-one correspondence with ideals in C˚r pBq (recall Corollary 4.8) Lemma 4.9 implies that the
conditions (ii) and (iii) are equivalent. We will prove (ii). The proof goes by induction on n.
Assume first that n “ 2 so that C˚r pBq is simple. Take any b P C˚r pBq`zt0u. By Corollary
3.6 there is a P B`e zt0u such that a À b. Then b P C˚r pBqaC˚r pBq “ C˚r pBq and as a is properly
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infinite we get b À a by [23, Proposition 3.5]. Hence b is properly infinite as it is Cuntz
equivalent to a. Thus C˚r pBq purely infinite.
Now suppose that our claim holds for any k ă n. Let J be any non-trivial ideal in C˚r pBq.
By Corollary 3.6, we have J – C˚r pJ q and C˚r pBq{J – C˚r pB{J q, where J “ tJtu, Jt “
J XBt, t P G. By Lemma 3.8, exactness passes to ideals and quotients, and clearly the same
holds for residual aperiodicity. Thus both J and B{J satisfy the assumptions of the assertion
and the corresponding unit fibers have less than n invariant ideals. Moreover, both J and
B{J satisfy condition (i). Indeed, for B{J it is clear, as proper infiniteness passes to quotients,
and for J it follows from the fact that proper infiniteness of a P J`e zt0u in C˚r pBq imply proper
infiniteness of a in J , by [23, Proposition 3.3]. Concluding, by induction hypotheses, both
J and C˚r pBq{J are purely infinite, and since pure infiniteness is closed under extensions [23,
Theorem 4.19] we get that C˚r pBq is purely infinite. 
Remark 4.11. We recall, see [42, Propositions 2.11, 2.14], that in the presence of the ideal
property pure infiniteness of a C˚-algebra is equivalent to strong pure infiniteness, weak pure
infiniteness, and many other notions of infiniteness appearing in the literature. Thus the list
of equivalent conditions in Theorem 4.10 could be considerably extended.
5. Paradoxicality, residual infiniteness and pure infiniteness
Now, we give and study a noncommutative, algebraic version of the notion of paradoxical
sets, cf. Definition 2.3, phrased in terms of Fell bundles. We also introduce a notion of
residually B-infinite elements, which we think is a good alternative for B-paradoxical elements.
In particular, the former elements seem to be more convenient to work with in practice, cf.
Remark 7.10 below.
Definition 5.1. Let B “ tBgugPG be a Fell bundle and let a P B`e zt0u. We say that:
(i) a is B-paradoxical if for every ε ą 0 there are elements ai P aBti , where ti P G for
i “ 1, ..., n`m, such that
(19) a «ε
nÿ
i“1
a˚i ai, a «ε
n`mÿ
i“n`1
a˚i ai, and }a˚i aj} ă
ε
maxtn2, m2u for i ‰ j.
If the elements ai, i “ 1, ..., n`m, above can be chosen so that
(20) a “
nÿ
i“1
a˚i ai “
n`mÿ
i“n`1
a˚i ai and a
˚
i aj “ 0 for i ‰ j,
we call a strictly B-paradoxical.
(ii) a is B-infinite if there is b P B`e zt0u such that for every ε ą 0 there are elements
ai P aBti where ti P G for i “ 1, ..., n`m, such that
a «ε
nÿ
i“1
a˚i ai, b «ε
n`mÿ
i“n`1
a˚i ai, and }a˚i aj} ă
ε
maxtn2, m2u for i ‰ j.
We say a is strictly B-infinite if there is a non-zero positive element b P aBea and
elements ai P aBti where ti P G for i “ 1, ..., n, such that
(21) a “
nÿ
i“1
a˚i ai, a
˚
i aj “ 0 for i ‰ j, and a˚i b “ 0 for i “ 1, ..., n.
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(iii) a is residually B-infinite if for every ideal J “ tJgugPG in B the element a`Je is either
zero in Be{Je or it is B{J -infinite. We say that a is residually strictly B-infinite if for
every ideal J “ tJgugPG in B the element a` Je is either zero in Be{Je or it is strictly
B{J -infinite
Remark 5.2. If a is strictly B-infinite it is B-infinite; take m “ 1, tn`1 “ e and an`1 “
?
b.
Moreover, if there are elements ai P aBti where ti P G for i “ 1, ..., n`m, such that
a “
nÿ
i“1
a˚i ai,
n`mÿ
i“n`1
a˚i ai ‰ 0 and a˚i aj “ 0 for i ‰ j,
then putting b “ řn`mi“n`1 aia˚i , we see that a is strictly B-infinite. In particular, it follows
that every strictly B-paradoxical element is strictly B-infinite and actually residually strictly
B-infinite. Also it is readily seen that every B-paradoxical element is residually B-infinite.
Whether the converse holds is an open problem.
The following Proposition 5.3 provides a motivation for this definition. It also implies that
both paradoxicality and residual B-infiniteness can be viewed as generalizations of proper
infiniteness.
Proposition 5.3. Let B “ÀgPGBg be a B-graded C˚-algebra and let a P B`e zt0u.
(i) If a is B-paradoxical then a is properly infinite in B.
(ii) If a is B-infinite then a is infinite in B.
(iii) If a is residually B-infinite then for any graded ideal J in B the image of a in B{J is
either zero or infinite.
Proof. (i). Let ε ą 0 and choose elements ai P aBti , ti P G, i “ 1, ..., n ` m, witnessing
ε-paradoxicality of a, that is assume (19) holds. Putting x “ řni“1 ai and y “ řn`mi“n`1 ai we
immediately get that x, y P aB. Using that }a˚i aj} ă ε{maxtn2, m2u for i ‰ j we get›››››››
nÿ
i,j“1
i‰j
a˚i aj
››››››› ă ε,
›››››››
n`mÿ
i,j“n`1
i‰j
a˚i aj
››››››› ă ε,
››››› nÿ
i“1
n`mÿ
j“n`1
a˚i aj
››››› ă ε.
The above inequalities imply respectively that x˚x «ε a, y˚y «ε a and x˚y «ε 0. Hence a is
properly infinite in B by (3).
(ii). Follow the above argument, where instead of (3) use (2).
(iii). By Proposition 3.2 graded ideals J in B are in one-to-one correspondence with ideals
J “ tJgugPG in B. For any such pair the C˚-algebra B{J is B{J -graded. Hence the assertion
follows from part (ii). 
Corollary 5.4. Suppose that B “ tBgugPG is an exact Fell bundle with the residual intersection
property. Then any residually B-infinite a P B`e zt0u is properly infinite in C˚r pBq.
Proof. By Theorem 3.12 every ideal in C˚r pBq is graded. Hence the assertion follows from [23,
Proposition 3.14] and Proposition 5.3(iii). 
Corollary 5.5. Let A be a C˚-algebra and let a P A`zt0u. The following statements are
equivalent
(i) a is properly infinite in A.
(ii) a is B-paradoxical for every Fell bundle B “ tBgugPG with Be “ A.
(iii) a is residually B-infinite for every Fell bundle B “ tBgugPG with Be “ A.
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Proof. (i)ñ(ii). Let a P A`zt0u be properly infinite. By (3) for any ε ą 0 there are x, y P aAa
with x˚x «ε a, y˚y «ε a, and x˚y «ε 0. Thus for any Fell bundle B “ tBgugPG with Be “ A
condition (19) is satisfied with n “ m “ 1, t1 “ t2 “ e and a1 “ x, a2 “ y.
(ii)ñ(iii). It is clear, since B-paradoxicality implies residual B-infiniteness.
(iii)ñ(i). Apply Corollary 5.4 to the Fell bundle B “ tBgugPG with Be “ A and Bg “ t0u
for g P Gzteu. 
A set-theoretic counterpart of the notion of a B-infinite element is defined as follows.
Definition 5.6. Let ptΩtutPG, tθtutPGq be a partial action on a topological space Ω. An open
set V Ď Ω is called G-infinite if there are open sets V1, ..., Vn and elements t1, ..., tn P G, n ě 1,
such that
(1) V “ Ťni“1 Vi,
(2) Vi Ď Ωt´1i for all i “ 1, ..., n and
Ťn
i“1 θtipViq Ĺ V ,
(3) θtipVtiq X θtj pVtj q “ H for all i ‰ j.
Non-empty open set V Ď Ω is called residually G-infinite if for every closed invariant subset
Y Ď Ω the set VXY is either empty orG-infinite for the partial action ptΩtXY utPG, tθt|Ω
t´1XY
utPGq.
Remark 5.7. Clearly, for strong boundary actions of discrete groups on compact spaces
considered by Laca and Spielberg in [34] every open set is residually G-infinite (note that
strong boundary actions are necessarily minimal). Actually, we will show below a much more
general fact. We will prove that for any n-filling action, notion introduced in [21], on a
unital C˚-algebra A without finite-dimensional corners, every element in A`zt0u is residually
B-infinite, for the corresponding Fell bundle B.
The following two propositions shed more light on the relationship between Definitions 2.3
and 5.1.
Proposition 5.8. Let B “ tBgugPG be the Fell bundle of a partial action α on C0pΩq which
is induced by a partial action ptΩgugPG, tθgugPGq of G on a locally compact Hausdorff space Ω,
see (6). Let a P B`e “ C0pΩq` be a non-zero element and put V :“ tx P Ω : apxq ą 0u.
(i) V is G-paradoxical if and only if a is strictly B-paradoxical.
(ii) V is G-infinite if and only if a is strictly B-infinite.
Proof. ‘Only if ’ parts. Let V1, ..., Vn be open sets and t1, ..., tn P G be such that V “
Ťn
i“1 Vi,
Vi Ď Ωt´1i and θtipViq Ď V for all i “ 1, ..., n, and θtipVtiqXθtj pVtj q “ H for all i ‰ j. Let thiuni“1
be a partition of unity for V relative to the open cover tViuni“1. Let i be fixed for a while. Since
ahi P C0pΩq is supported on Vi Ď Ωt´1i we can treat pahiq ˝ θt´1i as a continuous function on Ω
supported on θtipViq Ď V . By definition of V we actually get pahiq ˝ θt´1i P aC0pΩq. Hence
ai :“
´
pahiq ˝ θt´1i
¯1{2
δti
is an element of ai P aBti , and we claim that
(22) a “
nÿ
i“1
a˚i ai and a
˚
i aj “ 0 for i ‰ j.
Indeed, for any i, j we have a˚i aj “
´
pahiq ˝ θt´1i ¨ pahjq ˝ θt´1j
¯1{2
˝ θti δt´1i tj . For i ‰ j the
functions hi ˝ θ´1ti and hj ˝ θ´1tj are supported on disjoint sets θtipVtiq and θtj pVtj q. Hence
a˚i aj “ 0. On the other hand, a˚i ai “ ahi and consequently
řn
i“1 a
˚
i ai “
řn
i“1 ahi “ a.
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Now, if
Ťn
i“1 θtipViq Ĺ V , that is if V is G-infinite, then taking b P Be to be any non-zero
positive function supported on the non-empty open set V zŤni“1 θtipViq we infer that a is strictly
B-infinite.
If Vn`1, ..., Vn`m are open sets and tn`1, ..., tn`m P G are such that V “
Ťn`m
i“n`1 Vi, Vi Ď Ωt´1i
and θtipViq Ď V for all i “ n ` 1, ..., n ` m, and θtipVtiq X θtj pVtj q “ H for all i ‰ j,
i, j “ 1, ..., n ` m, then constructing elements ai P aBti for i “ n ` 1, ..., n ` m exactly as
we did for i “ 1, ..., n we get relations (20). Hence if V is G-paradoxical, then a is strictly
B-paradoxical.
‘If ’ parts. Let ai P aBti , ti P G, i “ 1, ..., n, be such that (22) holds. For any i “ 1, ..., n we
have ai “ biδti where bi P aDti “ C0pΩti X V q. We put
Vi :“ tx P Ω : a˚i aipxq ą 0u “ tx P Ω : |bi|2pθtipxqq ‰ 0u “ θ´1ti ptx P Ω : bipxq ‰ 0uq.
Thus Vi is an open subset of Ωt´1i
and θtipViq Ď V . Moreover,
V “ tx P Ω : a˚apxq ą 0u “ tx P Ω :
nÿ
i“1
a˚i aipxq ą 0u “
nď
i“1
Vi,
and ´
a˚i aj “ 0
¯
ðñ
´
bibj “ 0
¯
ùñ
´
θtipVtiq X θtj pVtjq “ H
¯
.
Using this one readily sees that if a is strictly B-paradoxical then V is G-paradoxical. More-
over, if there is a non-zero positive b P aBea such that a˚i b “ 0 for i “ 1, ..., n, then
W :“ tx P Ω : bpxq ą 0u is a non-empty open subset of V and´
a˚i b “ 0
¯
ðñ
´
bib “ 0
¯
ùñ
´
θtipVtiq XW “ H
¯
.
Hence
Ťn
i“1 θtipViq Ĺ V and V is G-infinite. 
It is not clear whether a version of the following proposition for residually infinite elements
hold.
Proposition 5.9. Retain the assumptions of Proposition 5.8. If Ω is totally disconnected
and every open compact subset of Ω is G-paradoxical, then every element in B`e zt0u is B-
paradoxical.
Proof. Let a P C0pΩq`zt0u “ B`e zt0u. For any ε ą 0 there exists an open compact set V such
that
tx P Ω : apxq ě εu Ď V Ď tx P Ω : apxq ą 0u.
Let aV P C0pΩq denote the function such that aV pxq “ apxq for x P V and aV pxq “ 0 outside
V . Using paradoxicality of V , by Proposition 5.8 there are elements ai P aVBti Ď aBti , ti P G,
i “ 1, ..., n`m, such that aV “
řn
i“1 a
˚
i ai “
řn`m
i“n`1 a
˚
i ai and a
˚
i aj “ 0 for i ‰ j.
Since aV «ε a we see that relations (19) hold. 
We now turn to the promised relationship between residual B-infiniteness and n-filling
actions introduced by Jolissaint and Robertson [21].
Definition 5.10 (Definition 0.1 in [21]). A global action α “ pA, tαtutPGq on a unital C˚-
algebra A is called n-filling, for n ě 2, if, for all elements b1, ..., bn P A` of norm one, and for
all ε ą 0, there exist g1, ..., gn P G such that
řn
i“1 αgipbiq ě 1´ ε.
Remark 5.11. A 2-filling action on a commutative C˚-algebra is equivalent to what is called
a strong boundary action in [34], see [21].
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Lemma 5.12. Suppose that α is an n-filling action on a unital C˚-algebra A such that for
every nonzero projection e P A the algebra eAe is infinite dimensional. Let B be the Fell
bundle corresponding to α. Then the action α is minimal and any element a P A`zt0u is
strictly (residually) B-infinite.
Proof. That α does not admit non-trivial invariant ideals is clear. Let a P A`zt0u and 0 ă
ε ă 1 be smaller than 1. We may suppose that }a} “ 1. Arguing in a similar way as in the
proof of [21, Lemma 1.4], we see that there are normalized positive elements b1, ..., bn`1 P aA
such that bibj “ 0 for i ‰ j. By n-filling property, there are elements g1, ..., gn P G such that
h :“ řni“1 αgipbiq ě 1´ ε. Hence h is positive and invertible. Put
ai :“
a
biαg´1i
p
?
h´1qαg´1i p
?
aqugi, i “ 1, ..., n, and b :“ bn ` 1.
Then clearly a˚i aj “ 0 for i ‰ j and a˚i b “ 0 for all i, j “ 1, ..., n. Moreover,
nÿ
i“1
a˚i ai “
nÿ
i“1
?
a
?
h´1αgipbiq
?
h´1
?
a “ ?a
?
h´1h
?
h´1
?
a “ a.
Hence a P A`zt0u is strictly B-infinite, and as α is minimal, actually strictly residually B-
infinite. 
We state the main result of this section using the notion of residual B-infiniteness. As noted
above this is a weaker condition than dynamical conditions implying pure infiniteness that
appear in [34], [21], [47] or [18].
Theorem 5.13. Suppose that B “ tBgugPG is an exact, residually aperiodic Fell bundle and
one of the following conditions holds
(i) Be contains finitely many B-invariant ideals and every element in B
`
e zt0u is Cuntz
equivalent to a residually B-infinite element,
(ii) Be has the ideal property and every element in B
`
e zt0u is Cuntz equivalent to a resid-
ually B-infinite element,
(iii) Be is of real rank zero and every non-zero projection in Be is Cuntz equivalent to a
residually B-infinite element.
Then C˚r pBq has an ideal property and is purely infinite.
Proof. Note that in each of the cases (i)-(iii) Theorem 4.10 applies. By Corollary 5.4 ev-
ery residually B-infinite element in B`e zt0u is properly infinite in C˚r pBq. Since an element
equivalent to a properly infinite one is properly infinite, the assertion holds. 
As a consequence of Theorem 5.13 we get the following strengthening and unification of the
following results [34, Theorem 5], [21, Theorem 1.2](in the commutative case), [47, Corollary
4.4] and [18, Theorem 4.4].
Corollary 5.14. Suppose that α is an exact partial action on C0pΩq induced by residually
topologically free partial action ptΩgugPG, tθgugPGq of G on a locally compact space Ω. Assume
that one of the following conditions holds
(i) Ω contains finitely many θ-invariant closed sets and and every non-empty open set is
residually G-infinite,
(ii) Ω is totally disconnected space and every non-empty compact and open set is residually
G-infinite.
Then A¸α,r G has the ideal property and is purely infinite.
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Proof. Apply Theorem 5.13 and Proposition 5.8(ii). 
In connection with the Theorem 5.13, it is useful to make the following observation.
Lemma 5.15. A sum of orthogonal (residually) strictly B-infinite elements is (residually)
strictly B-infinite. Any projection in Be which is Murray-von Neumann equivalent to a (resid-
ually) strictly B-infinite projection in Be is (residually) strictly B-infinite.
Proof. Suppose that ap1q, ap2q are strictly B-infinite elements and ap1qap2q “ 0. For each j “ 1, 2,
let bpjq P apjqBeapjqzt0u and apjqi P apjqBti , ti P G, i “ 1, ..., nj, be elements satisfying the
counterpart of (21). Putting a “ ř2j“1 apjq, b “ ř2j“1 bpjq, ai :“ ap1qi for i “ 1, ..., n1, and
an1`i :“ ap2qi for i “ 1, ..., n2 we see that b P aBea and ai P aBti for i “ 1, ..., n :“ n1 ` n2
satisfy (21). Hence a is strictly B-infinite. Since for any quotient map q, qpaq “ 0 if and
only if qpap1qq “ qpap2qq “ 0, we see that if ap1q, ap2q are residually strictly B-infinite then a is
residually strictly B-infinite.
Suppose that p “ w˚w and p1 “ ww˚ are projections in Be, w P Be, and let b P ppBepqzt0u
and ai P pBti , ti P G, i “ 1, ..., n, satisfy (21), with p in place of a. Putting b1 :“ wbw˚ and
a1i :“ waiw˚, i “ 1, ..., n we get b1 P pp1Bep1qzt0u and a1i P p1Bti such that p1 “
řn
i“1pa1iq˚a1i,
pa1iq˚a1j “ 0 for i ‰ j, and pa1iq˚b1 “ 0 for i “ 1, ..., n. Hence p1 is strictly B-infinite. Since for
any quotient map q, qppq “ 0 if and only if qpp1q “ 0, it follows that p is residually strictly
B-infinite if and only if p1 is residually strictly B-infinite. 
6. Primitive ideal space of the reduced cross-sectional algebra
In this section, we describe the space of prime ideals in C˚r pBq, which in the separable case
will lead us to a description of the primitive spectrum of C˚r pBq, via a quasi-orbit space for
the dual partial action introduced in Definition 3.18.
Throughout we fix a Fell bundle B “ tBtutPG. The following notions and results are gener-
alizations of classical facts for crossed products [19], see also [10].
Definition 6.1. We say that a B-invariant ideal I P IBpBeq is B-prime if for any pair of
B-invariant ideals J1, J2 P IBpBeq with J1XJ2 Ď I we have either J1 Ď I or J2 Ď I. We equip
the set of B-prime ideals with Fell topology and denote it by PrimeBpBeq.
We get the following generalization of [10, Proposition 2.3].
Proposition 6.2. Let B be an exact Fell bundle. Suppose that B has the residual intersection
property, which holds for instance if one of the following conditions is satisfied:
(i) the system pt pDgugPG, tphgugPGq dual to B is residually topologically free,
(ii) B is residually aperiodic.
Then the map IpC˚r pBqq Q J Ñ J XBe P IBpBeq restricts to a homeomorphism
PrimepC˚r pBqq – PrimeBpBeq.
Proof. By Theorem 3.12, see also Corollaries 3.23 and 4.8, the map IpC˚r pBqq Q J Ñ J X
Be P IBpBeq is a homeomorphism. It restricts to a homeomorphism from PrimepC˚r pBqq onto
PrimeBpBeq. 
For any ideal J P IpBeq we have a natural continuous embedding of IpJq in IpBeq given by
IpJq Q I ÞÝÑ IJ :“ ta P Be : a ¨ J Ď Iu P IpBeq.
This map has a left inverse given by IpBeq Q K ÞÝÑ I :“ K X J P IpJq. Note that we
use the mapping PrimpDtq Q P ÞÝÑ PDt P PrimpBeq to identify the space PrimpDtq with an
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open subset of PrimpBeq, t P G. Thus formally, the dual partial action on PrimpBeq, given
by restriction of the Rieffel homeomorphism (17), should be defined by htpPD
t´1
q :“ htpP qDt
where P P PrimpDt´1q, t P G.
Definition 6.3. For any P P PrimpBeq we put
PB :“
č
tPG
htpP XDt´1qDt “
č
tPG
ta P Be : aDt Ď BtPBt´1u
and call it a B-primitive ideal in Be. We denote the space of B-primitive ideals by
PrimBpBeq :“ tPB : P P PrimpBequ
and endow it with the Fell-topology inherited from IpBeq.
Lemma 6.4. For any P P PrimpBeq, PB is the largest B-invariant ideal contained in P .
Proof. Let GP :“ ŤtPG,PPPrimpD
t´1q
thtpP qDtu be the orbit of P P PrimpBeq under the partial
action ptPrimpDtqutPG, thtutPGq. Since htpDt´1qDt “ A we see that
(23) PB “
č
tPG
htpP XDt´1qDt “
č
tPG
PĞD
t´1
htpP XDt´1qDt “
č
QPGP
Q.
Thus
BtPBBt´1 “ htpPB XDt´1q Ď
č
QPGP
htpQXDt´1q Ď
č
QPGP
Q “ PB,
where in the last inclusion we used the fact that hts extends ht ˝hs (as elements of the partial
action on PrimpBeq). Hence PB is B-invariant and clearly PB Ď P . Now suppose that I is
B-invariant ideal contained in P . Then
IDt “ DtIDt “ BtBt´1IBtBt´1 Ď BtIBt´1 Ď BtPBt´1, t P G.
Thus I Ď PB. 
Lemma 6.5. The mapping PrimpBeq Q P ÞÝÑ PB P PrimBpBeq is continuous and open.
Proof. Let J be an ideal in Be. Since intersection of B-invariant ideals is a B-invariant ideal,
there exists the smallest B-invariant ideal in Be containing J . We denote it by J
B. Using
Lemma 6.4 twice we get
(24) PB Ğ J ðñ PB Ğ JB ðñ P Ğ JB,
for any P P PrimpBeq. Thus any open set U Ď PrimBpBeq is of the form
(25) U “ tPB : PB Ğ J, P P PrimpBequ “ tPB : P Ğ JB, P P PrimpBequ,
where J P IpBeq. It follows that the map P ÞÝÑ PB is continuous. To verify openness,
choose an open set V “ tP P PrimpBeq : P Ğ Ju, J P IpBeq, and let U “ tPB : PB Ğ
J, P P PrimpBequ. Clearly, if P P V then PB P U . On the other hand, if PB P U then
htpP X Dt´1qDt Ğ J for a certain t P G such that P Ğ Dt´1 . Since htpP XDt´1qDt P V and
PB “ phtpP XDt´1qDtqB, cf. (23), it follows that the image of V is equal to U .

We can use the above lemma to identify the space PrimBpBeq with the quasi-orbit space for
the partial action ptPrimpDgqugPG, thgugPGq on PrimpBeq dual to B.
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Lemma 6.6. Let OpPrimpBeqq be the quasi-orbit space associated to the partial action ptPrimpDtqutPG,
thtutPGq of G on PrimpBeq, cf. Proposition 3.16. Then the map
(26) OpPrimpBeqq Q OpP q ÞÝÑ PB P PrimBpBeq, P P PrimpBeq,
is a homeomorphism. In particular, the closure of a point in OpPrimBeq is given by
tOpP qu “ tOpQq : Q Ě PBu.
Proof. Let P,Q P PrimpBeq. By (23), we get GP “ tK P PrimpBeq : K Ě PBu. Therefore
GP “ GQ ðñ PB “ QB.
Thus (26) is a well-defined bijection, and we see that the quasi-orbit space OpPrimpBeqq may
be identified with the quotient space PrimpBeq{ „ arising from the open continuous map
PrimpBeq Q P ÞÝÑ PB P PrimBpBeq, see Lemma 6.5. Hence (26) is a homeomorphism. For the
last part of the assertion, note that the closure of tPBu in PrimBpBeq is tQB : QB Ě PBu. 
Lemma 6.7. Let B “ tBtutPG be a Fell bundle with Be separable. Then
PrimeBpBeq “ PrimBpBeq – OpPrimpBeqq,
where OpPrimpBeqq is the quasi-orbit space for ptPrimpDtqutPG, thtutPGq.
Proof. Since Be is separable we have PrimpBeq “ PrimepBeq. Let P P PrimpBeq. If J1, J2 P
IBpBeq are such that J1 X J2 Ď PB, then J1 X J2 Ď P , and hence Ji Ď P for some i P t1, 2u.
But then Ji Ď PB by Lemma 6.4. Hence PB is B-prime.
Conversely, let I P PrimeBpBeq. We need to show that there is a P P PrimpBeq with I “ PB.
For this it suffices to show that hullpIq “ tQ P PrimpBeq : Q Ě Iu coincides with the closure
GP “ tQ P PrimpBeq : Q Ě PBu of the orbit of some P P PrimpBeq. To this end, note that
hullpIq is closed and invariant, cf. Lemma 3.22. Thus P P hullpIq implies GP Ď hullpIq.
Accordingly, the equality GP “ hullpIq is satisfied if and only if the set
C :“ tOpQq : Q P hullpIqu
is equal to the closure tOpQq : Q Ě PBu of the point OpP q in OpPrimpBeqq. It is known
that PrimpBeq is a totally Baire space and that an image of a totally Baire space under an
open map is a totally Baire space, cf. discussion preceding [19, Lemma on page 222]. Thus
OpPrimpBeqq is a totally Baire space by Lemma 6.5. Also it is second countable because Be
is separable. Thus, by virtue of [19, Lemma on page 222], to conclude that GP “ hullpIq
it suffices to show that C is not a union of two proper closed subsets. So assume that C1,
C2 are closed subsets of OpPrimpBeqq with C “ C1 Y C2. Let F1, F2 denote their inverse
images in PrimpBeq and let Ji :“
Ş
QPFi
Q for i “ 1, 2. Then hullpIq “ F1 Y F2 which implies
J1 X J2 “ I. Since I is B-prime we have Ji Ď I for some i P t1, 2u. This implies that
Fi “ hullpJiq “ tQ P PrimpBeq : Q Ě Jiu contains hullpIq, and this completes the proof. 
We recall [16, Definition 27.5] that a Fell bundle B “ tBtutPG is separable if G is countable
and each space Bt, t P G, is separable. Of course, B is separable if and only if C˚r pBq (or any
other B-graded C˚-algebra) is separable. The following result can be viewed as a generalization
of [10, Corollaries 2.6 and 2.7] and [18, Corollary 3.8] proved respectively for global actions
on C˚-algebras and for partial actions on topological spaces.
Theorem 6.8. Retain the assumptions of Proposition 6.2 and additionally suppose that B is
separable. Then we have natural homeomorphisms
PrimpC˚r pBqq – PrimeBpBeq “ PrimBpBeq – OpPrimBeq.
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Proof. Since B is separable, C˚r pBq is separable and PrimpC˚r pBqq “ PrimepC˚r pBqq. Now it
suffices to combine Proposition 6.2 and Lemmas 6.6 and 6.7. 
It is natural to treat the space PrimBpBeq (or equivalently OpPrimBeq, see Lemma 6.6)
as a ‘primitive spectrum’ of the Fell bundle B. For instance, by Proposition 3.2, ideals in B
correspond to elements in IBpBeq and we have the following simple fact.
Lemma 6.9. For every I P IBpBeq we have I “
č
PPPrimBpBeq
IĎP
P .
Proof. Since I “ ŞPPPrimpBeq P , it suffices to note, using Lemma 6.4, that I Ď P implies
I Ď PB for every I P IBpBeq and P P PrimpBeq. 
7. Graph algebras
Throughout this section, we fix a directed graph E “ pE0, E1, r, sq. Hence E0 and E1 are
countable sets and r, s : E1 Ñ E0 are range and source maps. For graphs and their C˚-
algebras we use the notation and conventions of [44]. Thus E8 is the set of infinite paths and
En, n ą 0, stands for the set of finite paths µ “ µ1...µn, satisfying spµiq “ rpµi`1q for all i,
where |µ| “ n is the length of µ. If additionally rpµ1q “ spµnq we say that µ is a cycle. The
cycle µ have an entrance if there is an edge e such that rpeq “ rpµkq and e ‰ µk, for some
k “ 1, ..., n. We say that E satisfies Condition (L) if every cycle in E has an entrance. A
graph is said to satisfy Condition (K) if for every vertex v P E0, either there are no cycles
based at v, or there are two distinct cycles α and µ such that v “ spαq “ spµq and neither α
nor µ is an initial subpath of the other.
The C˚-algebra C˚pEq is generated by a universal Cuntz-Krieger E-family consisting of
partial isometries tse : e P E1u and mutually orthogonal projections tpv : v P E1u such that
s˚ese “ pspeq, ses˚e ď prpeq and pv “
ř
rpeq“v ses
˚
e whenever the sum is finite (i.e. whenever v is
a finite receiver). It follows that
C˚pEq “ spantsµs˚ν : µ, ν P E˚u,
where E˚ “ ŤnPNEn, sµ “ sµ1sµ2 ....sµn for µ “ µ1...µn P En, n ą 0, and sµ “ pµ for µ P E0.
We extend the maps r and s onto E˚ in the obvious way. The algebra C˚pEq is graded by
the subspaces
Bn :“ spantsµs˚ν : µ, ν P E˚, |ν| ´ |µ| “ nu, n P Z.
The only Fell bundle considered in this section will be B “ tBnunPZ defined above. The
gauge-uniqueness theorem readily implies that C˚pEq “ C˚pBq. In particular, graded ideals
in C˚pEq coincide with gauge-invariant ideals in C˚pEq and their description is known. We
now use it to describe the corresponding B-invariant ideals in B0, cf. Proposition 3.2.
For every v, w P E0 we write v ě w if there is a path from w to v. A subset H of E0 is
hereditary if v P H and v ě w imply w P H . A subset H of E0 is saturated if every vertex
v which satisfies 0 ă |r´1pvq| ă 8 and rpeq “ v ñ speq P H itself belongs to H . Given a
saturated hereditary subset H Ď E0, define
Hfin8 :“ tv P E0zH : |r´1pvq| “ 8 and 0 ă |r´1pvq X s´1pE0zHq| ă 8u.
If v P Hfin8 we write
pv,H :“
ÿ
rpeq“v,speqRH
ses
˚
e .
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For any B Ď Hfin8 we put
IH,B :“ spantsαpvs˚β, sµppw ´ pw,Hqs˚ν : v P H,w P B, α, β, µ, ν P En, n P Nu.
Clearly, IH,B is an ideal in B0 (in fact, it is a B-invariant ideal). Let us consider the set
HE :“ tpH,Bq : H is saturated and hereditary, B Ď Hfin8 u.
We equip it with a partial order (actually a lattice) structure by writing
pH,Bq ď pH 1, B1q defðñ H Ď H 1 and B Ď H 1 YB1.
The following description follows readily from the analysis in [5].
Proposition 7.1. The mapping HE Q pH,Bq ÞÑ IH,B P IBpBeq is a well-defined order pre-
serving bijection (hence a lattice isomorphism).
Proof. In view of [5, Theorem 3.6] we see that the mapping under consideration is a bijection.
Using [5, Corollary 3.10] we get that inclusion IH,B Ď IH 1,B1 holds if and only if pH,Bq ď
pH 1, B1q. 
Remark 7.2. It follows that HE is a lattice and the meet operation is given by the formula
pH,Bq ^ pH 1, B1q “ pH XH 1, pH XB1q Y pB XH 1q Y pB XB1qq,
cf. [5, Proposition 3.9].
Having the above description of B-invariant ideals in hand, we can show that the conditions
introduced in the present paper are natural, can be verified in practice, and in general cannot
be weakened. Let us start with the notion of residual aperiodicity.
Proposition 7.3. The following statements are equivalent:
(i) B is aperiodic.
(ii) B has the intersection property.
(iii) E satisfies Condition (L).
If E is finite, i.e. both E0 and E1 are finite, then the above conditions are equivalent to
(iv) the partial dynamical system pt pDnunPZ , tphnunPZq on pB0 dual to B is topologically free.
Proof. By Corollary 4.3, we have (i)ñ (ii). Implication (ii)ñ (iii) belongs to the folklore in
the field, see, for instance, the proof of [20, Lemma 2.1].
(iii)ñ (i). Let b “ řα,βPE˚ λα,βsαs˚β be an element of Bn, where n ‰ 0, and let A be a
hereditary C˚-subalgebra of B0. A moment of thought yields that to show condition (18) it
suffices to consider the case when n ą 0, the number of non-zero coefficients λα,β P C is finite
and A is a corner of the form
psµs˚µqB0psµs˚µq “ spantsµηs˚µν : η, ν P E˚, |η| “ |ν|u
where µ P En. In particular, we may further assume that all α’s and β’s appearing in the sum
b “ řα,βPE˚ λα,βsαs˚β start with the path µ, that is there is a finite set
F Ď tpα, βq P
ď
kě|µ|
Ek ˆ Ek`n : spαq “ spβq, α “ µα1, β “ µβ 1u
such that b “ řpα,βqPF λα,βsαs˚β. Let pα0, β0q P F be such that pα, βq P F implies |β| ď |β0|. If
the vertex spα0q “ spβ0q does not lie on a cycle (of length n) then
s˚β0sα “ 0 for all pα, βq P F.
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Thus ab “ 0 with a “ sβ0s˚β0 P A. If spα0q “ spβ0q lies on a cycle, then using the fact that
this cycle has an entrance one can construct a path η “ η1....η|η| with |η| ě |β0| such that
η1...η|β0| “ β0 and
(27) η|β0|`1...η|η| ‰ η|α0|`1...η|η|´n.
Then for all pα, βq P F we see that s˚ηpsαs˚βqsη is either zero, when α ‰ η1...η|α| or β ‰ η1...η|β|,
or it is equal to s˚η|α|`1...η|η|sη|β|`1...η|η|, which is also zero by (27). Thus aba “ 0 with a “ sηs˚η P
A.
If E is finite then we have (iv)ô (ii) by [26, Theorem 3.19(I)] modulo [26, Propositions 2.19
and 3.2] and the fact that the partial dynamical system pt pDnunPZ , tphnunPZq is generated by
the single partial homeomorphism h1, cf. [27]. 
Remark 7.4. By Theorem 3.20, the implication (iv)ñ [(i)ô(ii) ô(iii)] in the above propo-
sition is valid for an arbitrary graph E. We suspect that the converse implication is also true
and the proof would in essence require generalizing [26, Theorem 3.19], however this is beyond
the scope of the present paper.
Corollary 7.5. The following statements are equivalent:
(i) B is residually aperiodic.
(ii) B has the residual intersection property.
(iii) E satisfies Condition (K).
If E is finite, that is both E0 and E1 are finite, then the above conditions are equivalent to
(iv) the partial dynamical system pt pDnunPZ , tphnunPZq dual to B is residually topologically
free.
Proof. For any pH,Bq P HE let JH,B denote the ideal in C˚pE˚q generated by IH,B. By
Proposition 7.1, every graded ideal in C˚pE˚q is of this form. By [5, Corollary 3.6] the
quotient C˚pE˚q{JH,B is naturally isomorphic to the graph C˚-algebra C˚ppE{HqzβpBqq of
a certain graph pE{HqzβpBq, see [5]. Moreover, it is well known, and follows, for instance,
from the proof of [5, Corollary 3.8], that E satisfies Condition (K) if and only if every graph
pE{HqzβpBq satisfies Condition (L). Now the assertion follows from Proposition 7.3. 
By Lemma 6.7, we have PrimeBpB0q “ PrimBpB0q. We now turn to a description of this set.
This will allow us, in the presence of condition (K), to deduce from Theorem 6.8 description
of PrimpC˚pEqq originally obtained using a different approach in [5, Corollary 4.8].
Lemma 7.6. Suppose that IH,B P IBpB0q, pH,Bq P HE, belongs to PrimeBpB0q. Then M :“
E0zH satisfies:
(a) If v P E0, w PM , and v ě w in E, then v PM ,
(b) If v PM and 0 ă |r´1pvq| ă 8, then there exists e P E1 with rpeq “ v and speq PM ,
(c) For every v, w PM there exists y P M such that v ě y and w ě y.
Proof. Conditions (a), (b) say that H is hereditary and saturated. In the proof of [5, Lemma
4.1] it was shown that if condition (c) is not satisfied then IH,B R PrimeBpB0q. 
A non-empty subset M of E0 satisfying conditions (a), (b), (c) of Lemma 7.6 is called a
maximal tail in E. For any non-empty subset X of E0 we write
ΩpXq :“ tw P E0zX : w ğ v for all v P Xu.
We also put Ωpvq :“ Ωptvuq. Note that ΩpMq “ E0zM for any maximal tail M . Moreover,
for any v P E0 that receives infinitely many edges, the set Ωpvq is hereditary and saturated;
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actually Ωpvq is a complement of a maximal tail. Any such vertex with the property that
v P Ωpvqfin8 is called a breaking vertex. In other words, v P E0 is a breaking vertex if and only
if |r´1pvq| “ 8 and 0 ă |r´1pvq X s´1pΩpvqq| ă 8.
Proposition 7.7. The set PrimeBpB0q “ PrimBpB0q consists of ideals IΩpMq,ΩpMqfin8 associated
to maximal tails M , and ideals IΩpvq,Ωpvqfin8 ztvu associated to breaking vertices v.
Proof. Suppose that IH,B is in Prime
BpB0q. By Lemma 7.6, we have H “ ΩpMq where M is
a maximal tail. Note that the set ΩpMqfin8 zB can not contain more than one vertex. Indeed,
if we had two distinct vertices v1, v2 P ΩpMqfin8 zB, then we would get two B-invariant ideals
Ii :“ IΩpMq,BYtviu, i “ 1, 2, such that I1 X I2 Ď IΩpMq,B and Ii Ę IΩpMq,B for i “ 1, 2. Suppose
then that B “ ΩpMqfin8 ztvu for a vertex v P ΩpMqfin8 . If v is not a breaking vertex then we get
two B-invariant ideals I1 :“ IΩpvq,Ωpvqfin8 and I2 :“ IΩpMq,ΩpMqfin8 such that I1 X I2 Ď IΩpMq,B and
Ii Ę IΩpMq,B for i “ 1, 2, a contradiction. Hence v must be a breaking vertex.
Let us now consider an ideal IΩpMq,B where M is a maximal tail and B “ ΩpMqfin8 or B “
ΩpMqfin8 ztvu where v is a breaking vertex such that M “ Ωpvq. We need to show that IΩpMq,B
is B-prime. Suppose that IH1,B1, IH2,B2 P IBpB0q are such that IH1,B1 X IH2,B2 Ď IΩpMq,B. By
Proposition 7.1 and Remark 7.2 this is equivalent to saying that H1 XH2 Ď ΩpMq “ E0zM
and
(28) H1 XB2 YB1 XH2 YB1 XB2 Ď ΩpMq YB.
We claim that either H1 Ď ΩpMq or H2 Ď ΩpMq. Indeed, if we assume on the contrary that
there is v P H1 XM and w P H2 XM , then taking y P M such that v ě y and w ě y we get
y P H1 XH2 XM , a contradiction.
Thus we may assume that H1 Ď ΩpMq. If pH1, B1q ď pΩpMq, Bq, then IH1,B1 Ď IΩpMq,B.
Suppose then that pH1, B1q ę pΩpMq, Bq, and consider two cases:
1). Let B “ ΩpMqfin8 . Since H1 Ď ΩpMq, pH1, B1q ę pΩpMq, Bq implies that there is
v P B1 XM such that |r´1pvq X s´1pMq| “ 0. By properties (a) and (c) in Lemma 7.6, we
see that M “ tw P E0 : w ě vu (since v is a ‘source’ in M , v is a unique vertex with this
property). In particular, if H2 XM ‰ H then v P H2. However, in view of (28) we see that
v cannot belong neither to H2 nor to B2. Hence H2 Ď ΩpMq and since v R B2 we must have
pH2, B2q ď pΩpMq, Bq, that is IH2,B2 Ď IΩpMq,B.
2). Let B “ ΩpMqfin8 ztvu, where v is a breaking vertex and ΩpMq “ Ωpvq. The last relation
implies that M “ tw P E0 : w ě vu. Note that B1 must contain v. Indeed, if v R B1
then arguing as in case 1) we see that there is a unique v1 P B1 XM with the property that
M “ tw P E0 : w ě v1u. This leads to a contradiction as v ‰ v1. Thus v P B1. It follows from
(28) that v R H2 and v R B2. Since M “ tw P E0 : w ě v1u and H2 is hereditary, we conclude
thatH2 Ď ΩpMq. Combining the last inclusion with v R B2 we get that pH2, B2q ď pΩpMq, Bq.
Hence IH2,B2 Ď IΩpMq,B. 
Corollary 7.8. If the equivalent conditions in Corollary 7.5 hold, then the elements in the
primitive spectrum PrimpC˚pEqq of the graph algebra C˚pEq are in a bijective correspondence
with maximal tails and breaking vertices in the graph E.
Proof. Combine Proposition 7.7 with Theorem 6.8. 
Now, we show that Theorem 5.13 is optimal in the sense that when applied to graph C˚-
algebras our conditions implying pure infiniteness are not only sufficient but also necessary.
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Theorem 7.9. The C˚-algebra C˚pEq of a directed graph E is purely infinite if and only if
the associated Fell bundle B “ tBnunPZ is residually aperiodic and every non-zero projection
in is residually strictly B-infinite.
Proof. The ‘if’ part follows from Theorem 5.13(ii). To show the ‘only if’ part, suppose that
C˚pEq is purely infinite. Every projection in B0 is Murray-von Neumann equivalent to a
projection of the form
ř
α,βPF λα,βsαs
˚
β where F Ď E˚ is finite. The latter is in turn a finite
sum of mutually orthogonal projections each of which is Murray-von Neumann equivalent to
a projection of the form sµs
˚
µ with µ P E˚. Thus, by Lemma 5.15, it suffices to show that
a :“ sµs˚µ is residually strictly B-infinite. Let then IH,B, pH,Bq P HE , be a B-invariant ideal
in B0. Suppose that a R IH,B. Then v :“ spµq P E0zH . Since IH,B is an intersection of
B-prime ideals, see Lemma 6.9, we see that E0zH is a sum of maximal tails, cf. Remark 7.2.
Thus v P M for a certain maximal tail M contained in E0zH . By [20, Theorem 2.3], there is
a path α in M which connects a loop γ in M to v and γ has an entrance in M . This implies
that sµαs
˚
µα ´ sµαγs˚µαγ R IH,B. Moreover, putting
a1 “ sµαγs˚µα, a2 “ sµs˚µ ´ sµαs˚µα, b “ sµαs˚µα ´ sµαγs˚µαγ ,
one readily sees that b P aB0a, a1 P aB´|γ|, a2 P aB0 and
sµs
˚
µ “ a˚1a1 ` a˚2a2, a˚1a2 “ a˚1b “ a˚2b “ 0.
Hence the image of a in the quotient B0{IH,B is B{J -infinite where J :“ tBnIH,BunPZ. 
Remark 7.10. One could conjecture that if C˚pEq is purely infinite then every projection in
Be is B-paradoxical (or at least is equivalent to a B-paradoxical one). However, even for finite
graphs this conjecture is very hard to verify. In particular, the above theorem illustrates the
practical advantage of residual B-infiniteness over B-paradoxicality.
8. Crossed products by a semigroup of corner systems
In this section, we consider systems pA,G`, α, Lq studied in [32] when A is a unital C˚-
algebra. We will generalize concepts of [32] to non-unital case. Combining them with the
findings of [31] we reveal their internal structure and connections with other construction.
Then we apply the results of the present paper to C˚-algebras associated to pA,G`, α, Lq.
8.1. Various pictures of semigroup corner systems. Throughout this subsection, we let
G` be the positive cone of a totally ordered abelian group G with the identity 0, that is we
have:
G` X p´G`q “ t0u, G “ G` Y p´G`q,
and we write g ě h if g ´ h P G`, g, h P G. We fix a C˚-algebra A. We denote by EndpAq
the set of endomorphisms of A and by PospAq the space of positive maps on A. Composition
of mappings yields a structure of a unital semigroup on EndpAq and PospAq, where the unit
is the identity map. We always assume that a homomorphism between two semigroups with
unit preserves the units. We recall that a multiplicative domain of ̺ P PospAq is a C˚-algebra
given by
MDp̺q “ ta P A : ̺pbaq “ ̺pbq̺paq, ̺pabq “ ̺paq̺pbq, for all b P Au,
cf., for instance, [31] and references therein. We say that ̺ : AÑ A is extendible if it extends
to a strictly continuous map ̺ : MpAq Ñ MpAq.
An Exel system, originally defined in [13], is a triple pA, α, Lq where α P EndpAq and
L P PospAq are such that Lpαpaqbq “ aLpbq, for all a, b P A. Then L is called a transfer
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operator for α, and as shown in [31, Proposition 4.2], L is automatically extendible. In [31,
Definition 4.19], an Exel system pA, α, Lq is called a corner system if E :“ α˝L is a conditional
expectation onto a hereditary C˚-subalgebra αpAq of A. By [31, Lemma 4.20], an Exel system
pA, α, Lq is a corner system if and only if α is extendible and
(29) αpLpaqq “ αp1qaαp1q, for all a P A.
Note that then both maps α and L are extendible and pMpAq, α, Lq is again a corner system.
In unital case, systems pA, α, Lq satisfying (29) were called complete in [3]. One readily
sees that an iteration pA, αn, Lnq, n P N, of an Exel system pA, α, Lq is an Exel system,
and if pA, α, Lq is a corner system then pA, αn, Lnq is a corner system (one can check (29)
inductively). Thus these systems can be treated as semigroup dynamical systems with the
underlying semigroup N. We will consider systems over the more general semigroup G`.
We will use [31, Lemma 4.20] to show that the following three ‘corner systems’ are actually
different sides of the same ‘coin’. They form a subclass of Exel-Larsen systems introduced in
[35], and they may be viewed as generalizations to the non-unital case of (finely representable)
C˚-dynamical systems considered in [32].
Recall that a C˚-subalgebra B of a C˚-algebra A is a corner in A if there is a projection
p PMpAq such that B “ pAp. In particular, an ideal I in a C˚-algebra is a corner in A if and
only if it is complemented in A, that is if A is a direct sum of I and IK.
Definition 8.1. Consider two semigroup homomorphisms α : G` Ñ EndpAq and L : G` Ñ
PospAq. We say that:
(i) pA,G`, α, Lq is a semigroup corner (Exel) system if for each t P G`, pA, αt, Ltq is a
corner system.
(ii) α is a semigroup of corner endomorphisms if each αt, t P G`, has a corner range
and a complemented kernel (note that then αt is necessarily extendible and αtpAq “
αtp1qAαtp1q).
(iii) L is a semigroup of corner retractions if for every t P G`, LtpAq is a complemented
ideal in A and the annihilator pkerLt|MDpLtqqK of the kernel of Lt : MDpLtq Ñ LtpAq
is mapped by Lt onto LtpAq.
Remark 8.2. Suppose that pA,G`, α, Lq is a semigroup corner system. Clearly t ÞÑ αt and
t ÞÑ Lt define semigroup homomorphisms α : G` Ñ EndpMpAqq and L : G` Ñ PospMpAqq.
Thus pMpAq, G`, α, Lq is a semigroup corner system. In particular, pA,G`, α, Lq is a C˚-
dynamical system in the sense of [35] and pMpAq, G`, α, Lq is a dynamical system in the sense
of [32]. Note also, cf. [32, 2.2], that
(30) tαtp1qutPG` ĎMpAq and tLtp1qutPG` Ď ZpMpAqq
are non-increasing families of projections (the latter are central).
Proposition 8.3. Let α : G` Ñ EndpAq and L : G` Ñ PospAq be two maps. The following
statements are equivalent:
(i) pA,G`, α, Lq is a semigroup corner system;
(ii) α is a semigroup of corner endomorphisms, and for every t P G`
(31) Ltpaq “ α´1t pαtp1qaαtp1qq, a P A,
where α´1t is the inverse to the isomorphism αt : pkerαtqK Ñ αtp1qAαtp1q;
(iii) L is semigroup of corner retractions, and for every t P G`
(32) α|LtpAqK ” 0 and αtpaq “ L´1t paq, for a P LpAq,
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where L´1t is the inverse to the isomorphism Lt : pkerLt|MDpLtqqK Ñ LtpAq.
In particular, if the above equivalent conditions hold, then α and L determine each other
uniquely, and
(33) αtpAq “ αtp1qAαtp1q “ pkerLt|MDpLtqqK, LtpAq “ Ltp1qA “ pkerαtqK,
for each t P G`.
Proof. By [31, Lemma 4.20], for each t P G` the following statements are equivalent:
‚ pA, αt, Ltq is a corner system;
‚ αt has a corner range, complemented kernel and Lt is given by (31);
‚ LtpAq is a complemented ideal in A, LtppkerLt|MDpLtqqKq “ LtpAq and αt is given by
(32);
and if these conditions are satisfied then (33) holds. Thus item (i) implies (ii) and (iii). To
show (ii)ñ (i), we need to check that Lt’s given by (31) satisfy the semigroup law. To this end,
note that tαtutPG` form a semigroup of endomorphisms ofMpAq, and in particular tαtp1qutPG`
is a non-increasing family of projections, cf. [32, Page 405]. Thus for any t, s P G` and a P A
we have
LspLtpaqq “ α´1s pαsp1qLtpaqαsp1qq “ α´1s pLtpαtpαsp1qqaαtpαsp1qqqq
“ α´1s
`
α´1t pαs`tp1qaαs`tp1qq
˘ “ α´1s`t pαs`tp1qaαs`tp1qq
“ Lt`spaq.
Similarly, to show (iii)ñ (i) we need to check that αt’s given by (32) satisfy the semigroup
law. To this end, note that Ltp1q is a central projection in MpAq such that Ltp1qA “ LtpAq.
In particular, αt is given by the formula
αtpaq “ L´1t pLtp1qaq, a P A.
Moreover, since Ls`tpAq “ LtpLspAqq Ď LtpAq we conclude that the family tLtp1qutPG` is
non-increasing. Now, using (29), for any t, s P G` and a P A we get
αtpLs`tp1qq “ αtpLtpLsp1qqq “ αtp1qLsp1qαtp1q “ αtp1qLsp1q.
Hence
αspαtpaqq “ L´1s pLsp1qαtpaqq “ L´1s pLsp1qαtp1qαtpaqq “ L´1s pαtpLs`tp1qqαtpaqq
“ L´1s pαtpLs`tp1qaqq “ L´1s pL´1t pLs`tp1qaqq “ L´1s`tpLs`tp1qaq
“ αs`tpaq.

We also reveal a connection between semigroup corner systems pA,G`, α, Lq and the concept
of an interaction group introduced in [15]. We emphasize that Exel in [15] considered arbitrary
discrete groups but he assumed that the algebra A and the maps involved in an interaction are
unital. Since the latter requirements applied to pA,G`, α, Lq would force α and L to act by
automorphisms, we consider a version of [15, Definition 3.1] where we drop the assumptions
on units. We formulate it using our abelian group G.
Definition 8.4 (cf. Definition 3.1 of [15]). An interaction group is a triple pA,G,Vq where
V : GÑ PospAq is a partial representation, that is, V0 “ id, and
(34) VgVhV´h “ Vg`hV´h, V´gVgVh “ V´gVg`h, g, h P G;
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and for each g P G the pair pVg,V´gq is an interaction in the sense of [14], that is in view of
(34) it suffices to require that
VgpAq ĎMDpV´gq, and V´gpAq ĎMDpVgq,
cf. [31, Remark 3.15].
Proposition 8.5. Suppose that pA,G`, α, Lq is a semigroup corner system. Then putting
(35) Vg :“
#
αg if g ě 0,
L´g if g ď 0,
g P G,
we get an interaction group V.
Proof. It is tempting to apply Proposition 13.4 from [15]. However, its proof relies in an
essential way on the the assumption that the maps preserve units, which we dropped in our
setting. Thus we need to prove it ad hoc. In particular, by [31, Proposition 4.13] we know
that for each g P G, pVg,V´gq is an interaction. Hence it suffices to check (34). To this end,
note that for t P G` and a P A we have
pVtV´tqpaq “ αtp1qaαtp1q, pV´tVtqpaq “ Ltp1qa.
We recall that the families of projections (30) are non-increasing. We proceed with a case by
case proof:
1) If g, h ě 0 or g, h ď 0 then relations (34) hold by semigroup laws for α and L.
2) If g ď 0 ď h and h ď ´g, then
pVgVhV´hqpaq “ L´gpαhp1qaαhp1qq “ L´gpaq “ L´g´hpLhpaqq “ pVg`hVhqpaq,
pV´gVgVhqpaq “ α´gp1qαhpaqα´gp1q “ αhpα´g´hp1qaα´g´hp1qq
“ αhpα´g´hpL´g´hpaqqq “ α´gpL´g´hpaqq “ pV´gVg`hqpaq.
3) If g ď 0 ď h and h ě ´g, then
pVgVhV´hqpaq “ L´gpαhp1qaαhp1qq “ αg`hp1qL´gpaqαg`hp1q
“ αg`hpLg`hpL´gpaqqq “ αg`hpLhpaqq “ pVg`hVhqpaq,
pV´gVgVhqpaq “ α´gp1qαhpaqα´gp1q “ αhpaq “ α´gpαg`hpaqq “ pV´gVg`hqpaq.
4) If h ď 0 ď g and g ě ´h, then
pVgVhV´hqpaq “ αgpL´hp1qaq “ αgpaq “ αg`hpα´hpaqq “ pVg`hVhqpaq,
pV´gVgVhqpaq “ Lgp1qL´hpaq “ L´hpα´hpLgp1qqaq “ L´h
`
α´hpL´hpLg`hp1qqqa
˘
“ L´hpα´hp1qLg`hp1qα´hp1qaq “ L´hpLg`hp1qaq
“ L´hpLg`hpαg`hpaqqq “ Lgpαg`hpaqq “ pV´gVg`hqpaq.
5) If h ď 0 ď g and g ď ´h, then
pVgVhV´hqpaq “ αgpL´hp1qaq “ αgpLgpL´g´hp1qqαgpaq
“ αgp1qL´g´hp1qαgp1qαgpaq “ L´g´hp1qαgpaq
“ L´g´hpα´hpaqq “ pVg`hVhqpaq,
pV´gVgVhqpaq “ Lgp1qL´hpaq “ L´hpaq “ LgpL´g´hpaqq “ pV´gVg`hqpaq.

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8.2. Fell bundles and C˚-algebras associated to semigroup corner systems. Let
pA,G`, α, Lq be a semigroup corner system. The authors of [32] (who considered the case with
A unital) associated to pA,G`, α, Lq a Banach ˚-algebra ℓ1pG`, α, Aq and then constructed a
faithful representation of ℓ1pG`, α, Aq on a Hilbert space. This regular representation induces
a pre-C˚-norm on ℓ1pG`, α, Aq. Completion of ℓ1pG`, α, Aq in this norm yields the crossed
product A¸αG`, see [32, Subsection 6.5]. In this subsection we generalize this construction to
non-unital case, by making explicit the Fell bundle structure underlying the ˚-Banach algebra
ℓ1pG`, α, Aq.
We associate to pA,G`, α, Lq a Fell bundle B “ tBgugPG defined as follows. For any t P G`,
we denote by δt and δ´t abstract markers and consider Banach spaces
(36) Bt :“ taδt : a P Aαtp1qu, B´t :“ taδ´t : a P αtp1qAu
naturally isomorphic to Aαtp1q and αtp1qA, respectively. We define the ‘star’ and the ‘multi-
plication’ operations by the formulas:
(37) paδgq˚ :“ a˚δ´g,
(38) aδg ¨ bδh :“
$’’’’’’’&’’’’’’’’%
aαgpbqδg`h g, h ě 0,
L´gpabqδg`h, g ă 0, h ě 0, g ` h ě 0,
Lhpabqδg`h, g ă 0, h ě 0, g ` h ă 0,
aαg`hpbqδg`h, h ă 0, g ě 0, g ` h ě 0,
α´g´hpaqbδg`h, h ă 0, g ě 0, g ` h ă 0,
αhpaqbδg`h g, h ă 0.
To understand where these relation come from, see Remark 8.11 below. The well-definiteness
of (37) is clear, and with a little more effort, cf. the first part of proof of [32, Proposition 4.2],
it can also be seen for (38).
Proposition 8.6. The family B “ tBgugPG of Banach spaces (36) with operations (37), (38)
forms a Fell bundle.
Proof. The only not obvious axioms of a Fell bundle that we need to check, see, for instance
[16, Definition 16.1], are:
(39) paδg ¨ bδhq˚ “ pbδhq˚ ¨ paδgq˚, aδg ¨ pbδh ¨ cδfq “ paδg ¨ bδhq ¨ cδf ,
for all aδg P Bg, bδh P Bh, cδf P Bf , g, h, f P G`. The first relation in (39) follows from the
first part of the proof of [32, Theorem 4.3], but can also be inferred directly from (38). The
second relation in (39) was checked in the second part of the proof of [32, Theorem 4.3] in the
case when g ` h` f ě 0. The case g ` h ` f ď 0 can be covered by passing to adjoints. 
Definition 8.7. We call B “ tBgugPG constructed above the Fell bundle associated to the
corner system pA,G`, α, Lq. We define the crossed product for pA,G`, α, Lq to be
A ¸α,L G` :“ C˚pBq,
the cross sectional C˚-algebra of B. We will identify A with B0 Ď A¸α,L G`.
The crossed product A¸α,LG` can be viewed as a crossed product for the semigroup α, for
the semigroup L, or as a crossed product for the group interaction V given by (35). To show
this we use the following lemma, which is of its own interest. It is related to the problem of
extension of a representation of a semigroup to a partial representation of a group, studied
for instance in [16], cf. [16, Definition 31.19].
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Lemma 8.8. Any semigroup homomorphism U : G` Ñ B to a multiplicative subsemigroup of
a C˚-algebra B consisting of partial isometries extends to a ˚-partial representation V : GÑ B
of G.
Proof. Assume that U : G` Ñ B is a semigroup homomorphism attaining values in partial
isometries. We only need to show, cf. [16, 9.2], that putting Vt :“ Ut and V´t :“ U˚t , for
t P G`, we have
VgVhV´h “ Vg`hV´h, g, h P G.
Since the product of two partial isometries is a partial isometry if and only if the correspond-
ing initial and final projections commute, see [16, Proposition 12.8], we conclude that the
projections UtU
˚
t , U
˚
s Us commute for all s, t P G`. We have the following cases:
1) If g, h ě 0 or g, h ď 0 then VgVhV´h “ Vg`hV´h holds because V is a semigroup homo-
morphism when restricted to G` or to ´G`.
2) If g ď 0 ď h and h ď ´g, then
VgVhV´h “ U˚´gUhU˚h “ pU˚´g´hU˚h qUhU˚h “ U˚´g´hU˚h “ Vg`hV´h.
3) If g ď 0 ď h and h ě ´g, then
VgVhV´h “ U˚´gUhU˚h “ U˚´gpU´gUg`hqpU˚g`hU´gq “ pU˚´gU´gqpUg`hU˚g`hqU´g
“ pUg`hU˚g`hqpU˚´gU´gqU´g “ Ug`hU˚g`hU´g “ Ug`hU˚h “ Vg`hV´h.
4) If h ď 0 ď g and g ě ´h, then
VgVhV´h “ UgU˚´hU´h “ Ug`hU´hU˚´hU´h “ Ug`hU´h “ Vg`hV´h.
5) If h ď 0 ď g and g ď ´h, then
VgVhV´h “ UgU˚´hU´h “ UgpU˚g U˚´g´hqpU´g´hUgq “ pUgU˚g qpU˚´g´hU´g´hqUgq
“ pU˚´g´hU´g´hqpUgU˚g qUgq “ U˚´g´hU´g´hUg “ U˚´g´hU´h “ Vg`hV´h.

Proposition 8.9. Suppose pA,G`, α, Lq is a corner system. Let π : A Ñ BpHq be a non-
degenerate representation and let U : G` Ñ BpHq be a mapping. The following statements
are equivalent:
(i) U is a semigroup homomorphism, and
UtπpaqU˚t “ πpαtpaqq, U˚t πpaqUt “ πpLtpaqq, for all a P A, t P G`.
(ii) U is a semigroup homomorphism, and
UtπpaqU˚t “ πpαtpaqq, πppkerαtqKq Ď U˚t UtπpAq, for all a P A, t P G`.
(iii) U is a semigroup homomorphism, and
U˚t πpaqUt “ πpLtpaqq, πppkerLt|MDpLtqqKq Ď UtπpAqU˚t , for all a P A, t P G`.
(iv) U extends to a ˚-partial representation V : GÑ BpHq of G such that
VgπpaqVg´1 “ πpVgpaqq, for all a P A, g P G,
where V is the group interaction given by (35).
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Proof. (i)ô(ii). This follows from [29, Proposition 4.2].
(i)ñ(iii). This is clear because pkerLt|MDpLtqqK “ αtpAq, see (33).
(iii)ñ(i). Let a P A and t P G`. Denote by π : MpAq Ñ BpHq the unique extension of
π to a representation of MpAq. Note that πpLtp1qq “ U˚t Ut, so in particular Ut is a partial
isometry. Thus in view of (32) and (33) we get
πpαtpaqq “ UtU˚t πpαtpaqqUtU˚t “ πpLtpαtpaqqq “ UtπpLtp1qaqU˚t
“ UtπpLtp1qqπpaqU˚t “ UtπpaqU˚t .
(i)ñ(iv). This follows from Lemma 8.8 since πpLtp1qq “ U˚t Ut is a projection and hence Ut
is a partial isometry, for every t P G`.
(iv)ñ(i). For t P G`, Ut is a partial isometry and we necessarily have V´t “ U˚t . Moreover,
πpLtp1qq “ U˚t Ut and hence tU˚t UtutPG` forms a non-decreasing family of projections. Using
this, for any t, s P G`, we get
UtUs “ UtUsU˚s Us “ Ut`sU˚s Us “ Ut`s.
This proves the equivalence of conditions (i)-(iv).

Theorem 8.10. For any corner system pA,G`, α, Lq there is a semigroup homomorphism
u : G` ÑMpA ¸α,L G`q taking values in partial isometries such that we have
(40) utau
˚
t “ αtpaq, u˚t aut “ Ltpaq, a P A, t P G`,
and the elements of the form
a “
ÿ
tPF
u˚t a´t ` a0 `
ÿ
xPF
atut, F Ď G`zt0u, |F | ă 8,
where at P Aαtp1q, a´t P αtp1qA, form a dense ˚-subalgebra of A ¸α,L G`.
The crossed product A¸α,LG` is a universal C˚-algebra for pairs pπ, Uq satisfying the equiv-
alent conditions (i)-(iv) in Proposition 8.9, in the sense that for any such pair the assignments
(41) pπ ¸ Uqpatutq ÞÝÑ πpatqUt, pπ ¸ Uqpu˚t a´tq ÞÝÑ U˚t πpa´tq, t P G`,
extend to a non-degenerate representation π ¸ U of A ¸α,L G` and every non-degenerate
representation of A¸α,L G` arises this way.
Proof. Recall that we identify B0 “ Aδ0 with A. In particular, A is a non-degenerate C˚-
subalgebra of A¸α,L G`, that is ApA ¸α,L G`q “ A¸α,L G`. Moreover, if we let t P G` and
tµλu be an approximate unit in A, then using (38) we get
lim
λ
µλδtaδ0 “ µλαtpaqδt “ αtpaqδt and lim
λ
pµλδtq˚aδ0 “ αtp1qµλaδ´t “ αtp1qaδ´t.
Therefore, we conclude that limλ µλδt converges strictly to an element of MpA¸α,L G`q. Let
us denote it by ut, and note that we have utaδ0 “ αtpaqδt and u˚t aδ0 “ αtp1qaδ´t. For any
t, s P G` we have
utuspaδ0q “ utαspaqδs “ lim
λ
µλδtαspaqδs “ lim
λ
µλαtpαspaqqδt`s
“ αt`spaqδt`s “ ut`spaδ0q.
It follows that G` Q t uÞÝÑ ut PMpA ¸α,L G`q is a semigroup homomorphism. We have
utaδ0u
˚
t “ αtpaqδ0, u˚t aδ0ut “ Ltpaqδ0, a P A, t P G`,
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which follows from the following calculations, where b P A is arbitrary:
utpaδ0qu˚t pbδ0q “ αtpaqδt ¨ αtp1qbδ´t “ αtpaqαtp1qbδ0 “ αtpaqδ0 ¨ bδ0,
u˚t paδ0qutpbδ0q “ αtp1qaδ´t ¨ αtpbqδt “ Ltpαtp1qaαtpbqqδ0 “ Ltpaqbδ0 “ Ltpaqδ0 ¨ bδ0.
This proves the first part of the assertion, because we clearly have atδt “ atut and a´tδ´t “
u˚´ta´t for any atδt P Bt, a´tδ´t P B´t, t P G`.
Assume now that the pair pπ, Uq satisfies equivalent conditions (i)-(iv). In view of Definition
8.7, to see that the maps in (41) extend to a representation of A ¸α,L G` it suffices to check
that
pπ ¸ Uqpaδgq˚ “ pπ ¸ Uq
`paδgq˚˘, pπ ¸ Uq`aδg ¨ bδh˘ “ pπ ¸ Uqpaδgqpπ ¸ Uqpaδhq,
for all aδg P Bg and bδh P Bh, g, h P G. The first of the above relations is clear and the second
one is shown in the proof of [32, Proposition 5.3].
If σ : A¸α,LG` Ñ BpHq is an arbitrary non-degenerate representation it extends uniquely
to a representation σ : MpA ¸α,L G`q Ñ BpHq. Clearly, putting
πpaq :“ σpaδ0q, a P A, Ut :“ σputq, t P G`,
we get a pair pπ, Uq satisfying equivalent conditions (i)-(iv) and such that σ “ π ¸ U . 
Remark 8.11. Theorem 8.10 allow us to assume the following ‘dictionary’ determining the
structure of A¸α,L G`: we have
aαtp1qδt “ aut, pαtp1qaqδ´t “ u˚t a, t P G`, a P A,
and then multiplication of these spanning elements is determined by relations (40). In partic-
ular, these relations imply the following commutation relations:
au˚t “ u˚tαtpaq, uta “ αtpaqut, a P A, t P G`.
Note also that the above description makes explicit the fact that the C˚-algebra A ¸α,L G`
coincides with the crossed product studied in [32] when A is untial, see [32, Theorem 5.4].
Corollary 8.12. Let pA,G`, α, Lq be a corner system. The crossed product A ¸α,L G` is
naturally isomorphic to Exel-Larsen crossed product introduced in [35, Definition 2.2].
Proof. By [35, Proposition 4.3], we may identify Exel-Larsen crossed product for pA,G`, α, Lq
with the quotient C˚-algebra TX{IK where TX is the Toeplitz algebra of a product system
X “ ŮtPG` Xt naturally associated to pA,G`, α, Lq, see [35, Proposition 3.1], and IK is an
ideal in TX generated by differences
iXpaq ´ iptqX pφtpaqq, for a P Kt :“ AαtpAqAX φ´1t pKpXtqq and t P G`,
where iX : X Ñ TX is a universal representation of X in TX , iptqX : KpXtq Ñ TX is the
associated homomorphism, and φt : AÑ LpXtq is the left action of A on Xt, t P G`. For more
details see [35]. As shown in [35, Proposition 4.3], there exists a semigroup homomorphism
iG` : G
` ÑMpTXq such that putting iA :“ iX |X0 “ iX |A we get that
TX “ C˚p
ď
tPG`
iApAqiG`ptqq, and iG`ptq˚iApaqiG`ptq “ iApLtpaqq, a P A, t P G`.
Moreover, the latter picture of TX is universal (note that the author of [35] considers also
additional relations iG`ptqiApaq “ iApαtpaqqiG`ptq, a P A, t P G`, but by [31, Proposition 4.3]
they are automatic). In particular, the assignments
iApaqiG`ptq ÞÝÑ aut, a P A, t P G`,
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determine a well-defined surjective homomorphism Φ : TX Ñ A¸α,L G`. In the proof of [31,
Theorem 4.22] it is shown that, under our assumptions, we have AαtpAqA Ď φ´1t pKpXtqq.
Hence Kt “ AαtpAqA. Another argument in the proof of [31, Theorem 4.22], cf. also [31,
Lemma 3.12], shows that
i
ptq
X pφtpαtpaqqq “ iG`ptqiApaqiG`ptq˚, a P A, t P G`.
This allows us to conclude that IK is generated by the differences
iApαtpaqq ´ iG`ptqiApaqiG`ptq˚, for a P A and t P G`.
Accordingly, IK Ď ker Φ and Φ factors through to a surjective homomorphism Ψ : TX{IK Ñ
A ¸α,L G`. By the universality of A ¸α,L G`, Ψ admits an inverse. Hence TX{IK – A ¸α,L
G`. 
8.3. Partial dynamical systems dual to semigroup corner systems. Let pA,G`, α, Lq
be a semigroup corner system. For each t P G`, LtpAq is an ideal in A and αtpAq is a
hereditary subalgebra of A. Thus we may treat {LtpAq and {αtpAq as open subsets of pA. Then
the mutually inverse isomorphisms αt : LtpAq Ñ αtpAq and Lt : αtpAq Ñ LtpAq give rise to
partial homeomorphisms of pA:
pαtprπsq :“ rπ ˝ αts, pLtprπsq :“ rπ ˝ Lts,
cf. [29, Section 4.5] for a detailed description of these maps. Using the group interaction (35)
we can express it in a more symmetric way. Namely, we have homeomorphismspVg : {VgpAq Ñ {V´gpAq where pVgprπsq “ rπ ˝ Vgs, g P G,
and we assume the identification {VgpAq “ trπs P pA : πpVgpAqq ‰ 0u.
Lemma 8.13. The family pt{VgpAqugPG, tpVgugPGq is a partial action on pA which coincides
with the opposite to the partial action dual to the Fell bundle B “ tBgugPG associated to
pA,G`, α, Lq.
In particular, pt{VgpAqugPG, tpVgugPGq is a lift of a partial action ptPrimpVgpAqqugPG, tqVgugPGq
on PrimpAq given by qVgpP q “ AV´gpP qA, g P G;
in other words, qV´tpP q “ AαtpP qA and qVtpP q “ LtpP q, for t P G`.
Proof. For any t P G`, we have AαtpAqA “ Aαtp1qA “ Bt ¨ B´t “ Dt and LtpAq “
Ltpαtp1qAαtp1qq “ B´t ¨ Bt “ D´t. Thus, with our identifications, we have {LtpAq “ pD´t
and {αtpAq “ trπs P pA : πpαtpAqq ‰ 0u “ trπs P pA : πpAαtpAqAq ‰ 0u “ pDt.
Let now π : A Ñ BpHq be an irreducible representation such that πpαtpAqq ‰ 0. Thenpαtprπsq is the equivalence class of the representation π ˝ αt : A Ñ BpπpαtpAqqHq. For any
aiδ´t P B´t “ αtp1qAδ´t, hi P H , i “ 1, ..., n, we have
}
ÿ
i
aiδ´t bpi hi}2 “ }
ÿ
i,j
xhi, πpa˚i ajqhjyp} “ }
ÿ
i
πpaiqhi}2.
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Since πpαtpAqqH “ πpαtp1qAqH , we see that aδ´t bpi h ÞÑ πpaqh yields a unitary operator
U : B´t bpi H Ñ πpαtpAqqH . Furthermore, for a P A, b P αtpAq and h P H we have´
B´t -Ind
Dt
D´t
pπqpaqU˚
¯
πpbqh “ B´t -IndDtD´tpπqpaq pbδ´t bpi hq “ pαtpaqbq bpi h
“ pαtpaqbδ´tq bpi h “
´
U˚pπ ˝ αtqpaq
¯
πpbqh.
Hence U intertwines B´t -Ind
Dt
D´t
and π ˝ αt. Accordingly, ph´t “ pαt and pht “ pα´1t “ pLt. This
proves the first part of the assertion. To show the second part, we use the ‘dictionary’ from
Remark 8.11. Then it is immediate that the corresponding Rieffel homeomorphisms, cf. (17),
are given by
htpIq “ pAutqIpu˚tAq “ AαtpIqA,
h´tpIq “ pu˚tAqIpAutq “ LtpIq “ ALtpIqA,
for any I P IpAq and t P G`. 
Definition 8.14. We call pt{VgpAqugPG, tpVgugPGq and ptPrimpVgpAqqugPG, tqVgugPGq described
above partial dynamical systems dual to the interaction V.
Before we state the main result of this subsection we need a lemma and a definition.
Lemma 8.15. If I P IpAq, then the following conditions are equivalent:
(i) αtpIq “ αtp1qIαtp1q for every t P G`,
(ii) LtpIq “ Ltp1qI for every t P G`,
(iii) VgpIq Ď I for every g P G, where V is the group interaction
(iv) pI is invariant under the partial action pt{VgpAqugPG, tpVgugPGq.
In particular, if the above equivalent conditions hold, then we have a quotient semigroup corner
system pA{I, G`, αI , LIq where αIt paq “ a ` I and LIt paq “ a ` I, and its associated group
interaction is given by VIg paq “ a ` I, for a P A, t P G`, g P G.
Proof. The equivalence of conditions (i)-(iv) follows from [26, Lemma 2.22], which was proved
for unital A but the proof carries over to the general case. The second part of the assertion is
now clear. 
Definition 8.16. If I P IpAq satisfies the equivalent conditions (i)-(iv) in Lemma 8.15 we
call I an invariant ideal for pA,G`, α, Lq.
Theorem 8.17. Let pA,G`, α, Lq be a semigroup corner system, tVgugPG its associated group
interaction, and pV “ pt{VgpAqugPG, tpVgugPGq and qV “ ptPrimpVgpAqqugPG, tqVgugPGq the dual
partial actions. Then
(i) If pV is topologically free, then every pair pπ, Uq satisfying equivalent conditions (i)-(iv)
in Proposition 8.9 such that π is faithful gives rise to a faithful representation π ¸ U
of A¸α,L G`.
(ii) If pV is residually topologically free, then the map J ÞÑ JXA is a homeomorphism from
IpA¸α,LG`q onto the subspace of IpAq consisting of invariant ideals for pA,G`, α, Lq.
(iii) If pV is residually topologically free, A is separable and G` is countable then we have a
homeomorphism
PrimpA¸α,L G`q – OpPrimAq,
where OpPrimAq is the quasi-orbit space associated to qV .
PURE INFINITENESS AND IDEAL STRUCTURE OF CROSS-SECTIONAL C˚-ALGEBRAS 41
Proof. Since G is amenable we have A ¸α,L G` “ C˚pBq “ C˚r pBq for the associated Fell
bundle.
(i) By Lemma 8.13 and Theorem 3.20, A ¸α,L G` “ C˚r pBq has the intersection property.
Since kerpπ ¸ Uq X A “ ker π “ t0u, we conclude that kerpπ ¸ Uq “ t0u.
(ii) Apply Lemma 8.13 and Corollary 3.23.
(iii) Apply Lemma 8.13 and Theorem 6.8.

8.4. Purely infinite crossed products for semigroup corner systems. We fix a semi-
group corner system pA,G`, α, Lq. Let B “ tBgugPG be its associated Fell bundle, and
V “ tVgugPG be its associated group interaction.
Lemma 8.18. The following conditions are equivalent
(i) B “ tBgugPG is aperiodic,
(ii) for each t P G`zt0u, each a P A and every hereditary subalgebra D of A
inft}daαtpdq} : d P D, d ě 0, }d} “ 1u “ 0.
(iii) for each t P G`zt0u, each a P A and every hereditary subalgebra D of A
inft}dLtppdaq˚daqd} : d P D, d ě 0, }d} “ 1u “ 0.
(iv) for each g P Gzt0u, each a P A and every hereditary subalgebra D of A
inft}dVgppdaq˚daqd} : d P D, d ě 0, }d} “ 1u “ 0.
Proof. Let t P G`zt0u and a, d P A where d ě 0. Since }d`aαtp1qδt˘d} “ }daαtpdqδt} “
}daαtpdq} and }d
`
αtp1qaδ´t
˘
d} “ }αtpdqdaδ´t} “ }da˚αtpdq} we see that (i)ô(ii). Since
}daαtpdq}2 “ }αtpdqa˚ddaαtpdq} “ }Ltpαtpdqpdaq˚daαtpdqq} “ }dLtppdaq˚daqd}
we get (ii)ô(iii). The implication (iv)ñ(iii) is clear. Moreover, `(ii)ô(iii)˘ ñ(iv) because
}dαtppdaq˚daqd} “ }dαtpa˚qαtpdq}2.

Definition 8.19. We say that a semigroup corner system pA,G`, α, Lq is aperiodic if the
equivalent conditions in Lemma 8.18 are satisfied. We say pA,G`, α, Lq is residually aperiodic
if the quotient system pA{I, G`, αI , LIq is aperiodic for every invariant ideal I for pA,G`, α, Lq.
Now, we formulate notions of residually infinitess and paradoxicality for corner systems.
Definition 8.20. Let a P A`zt0u. We say that a is infinite for pA,G`, α, Lq if there is
b P A`zt0u such that for any ε ą 0 there are elements t1, ..., tn`m P G`, and a˘k P aA,
k “ 1, 2, ..., n`m such that
(42) a «ε
nÿ
k“1
αtkpa˚´ka´kq ` Ltkpa˚kakq, b «ε
n`mÿ
k“n`1
αtkpa˚´ka´kq ` Ltkpa˚kakq,
}a˚kal} ă
ε
maxtn2, m2u for all l, k “ ˘1, ...,˘pn`mq, k ‰ l.(43)
If the above conditions hold for b equal to a then we say that a is paradoxical for pA,G`, α, Lq.
We say that a is residually infinite for pA,G`, α, Lq if for every invariant ideal I for pA,G`, α, Lq
either a P I or the image of a in A{I is infinite for pA{I, G`, αI , LIq.
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Proposition 8.21. If a P A`zt0u is residually infinite (resp. paradoxical) for pA,G`, α, Lq
then it is residually infinite (resp. paradoxical) for the associated Fell bundle.
Proof. Suppose that a P A`zt0u is infinite for pA,G`, α, Lq. Let ε ą 0 and choose t1, ..., tn`m P
G`, and a˘k P aA, k “ 1, 2, ..., n`m as in Definition 8.20 but for ε{4. We use the ‘dictionary’
from Remark 8.11 and put
bk :“ akutk , bn`k :“ a´ku˚tk , for k “ 1, ..., n;
bn`k :“ akutk , bn`m`k :“ a´ku˚tk , for k “ n` 1, ..., m.
Clearly, bi P aBsi, for i “ 1, ..., 2pn ` mq, where si :“ ti, sn`i :“ ´ti for i “ 1, ..., n; and
sn`i :“ ti, sn`m`i :“ ´ti for i “ n ` 1, ..., m. Let i, j “ 1, ..., 2pn `mq. Assume that i ‰ j.
Then bi “ akutk or aku˚t´k and bj “ alutl or bj “ alu˚t´l. In any case k ‰ l, and thus by (43)
we get
}b˚i bj} ď }a˚kal} ă
ε
maxtp2nq2, p2mq2u .
On the other hand, we have
2nÿ
i“1
b˚i bi “
nÿ
k“1
pakutkq˚akutk `
nÿ
k“1
pa´ku˚tkq˚a´ku˚tk “
nÿ
k“1
αtkpa˚´ka´kq ` Ltkpa˚kakq,
and similarly
ř
2m
i“2n`1 b
˚
i bi “
řm
k“n`1 αtkpa˚´ka´kq ` Ltkpa˚kakq. Thus using (42) we get
a «ε
2nÿ
i“1
b˚i bi, b «ε
2mÿ
i“2n`1
b˚i bi.
Hence a is infinite for B “ tBgugPG.
Replacing, in the above argument, b with a one obtains that if a is paradoxical for pA,G`, α, Lq
then it paradoxical for B. Using the fact that invariant ideals for pA,G`, α, Lq and B-invariant
ideals coincide, see Lemma 8.13, one gets that if a is residually infinite for pA,G`, α, Lq then
a is residually B-infinite. 
Now we are ready to state the conditions implying pure infiniteness of A¸α,L G`.
Theorem 8.22. Suppose that pA,G`, α, Lq is a residually aperiodic semigroup corner system
and one of the following two conditions holds
(i) A contains finitely many invariant ideals for pA,G`, α, Lq and every element in A`zt0u
is Cuntz equivalent to a residually infinite element for pA,G`, α, Lq,
(ii) A has the ideal property and every element in A`zt0u is Cuntz equivalent to a residually
infinite element for pA,G`, α, Lq,
(iii) A is of real rank zero and every non-zero projection in A is Cuntz equivalent to a
residually infinite element for pA,G`, α, Lq.
Then A¸α,L G` has the ideal property and is purely infinite.
Proof. Apply Proposition 8.21 and Theorem 5.13. 
Remark 8.23. The main result of [39] is a criterion of pure infiniteness of Stacey’s crossed
product A ¸α N of a unital separable C˚-algebra A of real rank zero by an injective endo-
morphism α : A Ñ A. This result can be deduced from Theorem 8.22. Indeed, the authors
of [39] used the fact that A ¸α N is Morita equivalent to the crossed product B ¸β Z by
an automorphism β : B Ñ B, where B is a separable C˚-algebra of real rank zero. They
assumed that β satisfies the residual Rokhlin˚ property, cf. [48, Definition 2.1] and α (and
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therefore also β) residually contracts projections, cf. [39, Definition 3.2]. By [48, Corol-
lary 2.22] and [38, Theorem 10.4], the former property is equivalent to residual aperiodic-
ity of pB,N, tβnunPN, tβ´nunPNq. The latter property readily implies that every projection
in B is residually infinite for pB,N, tβnunPN, tβ´nunPNq. Hence Theorem 8.22(iii) applies to
pB,N, tβnunPN, tβ´nunPNq.
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